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Abstract

In this project, we investigate the Hilbert function of polynomial rings and various
monomial ideals in these rings. We then use the results of these functions to form
something called a Hilbert sequence. Our ultimate goal is to characterize all of the
Hilbert sequences that arise using different polynomial rings and monomial ideals.
In particular, we find the types of sequences that have a finite number of non-zero
entries and a group of sequences that are guaranteed to be symmetric. Finally, we
are able to describe all possible Hilbert sequences for every monomial ideal in the
polynomial rings in either one or two variables. As it turns out, these are also all
of the possible Hilbert sequences for all homogeneous ideals in the same polynomial
rings.
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An Introduction

When I began my senior project last fall, I started by investigating some basic prop-
erties of simplicial complexes. I knew that I was interested in a project involving
algebra in some form, but since algebra is a very broad and comprehensive area, I
had no idea exactly where to start. My advisor, Lauren Rose, helped me by giving
me several ideas to work with and allowed me to select the one that I found to
be the most intriguing. After computing several examples in each of these areas,
I decided that the problems involving simplicial complexes seemed appealing. Ul-
timately, my studies in this topic brought me to learn about Hilbert functions of
standard graded k-algebras. In particular, there is a way to construct a monomial
ideal that corresponds to a given simplicial complex. When the Hilbert series of this
ideal is computed, the numbers that arise turn out to be important invariants of the
original simplicial complex.

It was around this time that I found myself to be more interested in studying the
Hilbert functions of monomial ideals than I was in working on problems involving
simplicial complexes. Specifically, the Hilbert function of the quotient of a polyno-
mial ring by a monomial ideal can be viewed as a sequence of non-negative integers.
I was very curious about the patterns that arose in these sequences and I decided
that this was what I wanted to focus on for my senior project.

As it turns out, if you know the Hilbert functions of monomial ideals, you
also know all Hilbert functions for any homogeneous ideal in the polynomial ring
klx1,...,x,). I state the following theorem and refer the reader to [3, Chapter 9, §3,
Proposition 9] for a more thorough treatment of the subject.

Proposition 1.0.1. Let I C k[zy,...,x,] be a homogeneous ideal and let > be a
graded monomial order on k[xq,...,x,]. Then the monomial ideal generated by the
leading terms of the polynomaials in I has the same Hilbert function as I.
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Of course I have neither addressed what a homogeneous ideal is, nor have I ex-
plained what a graded monomial order is and how we can use one to define the
leading term of a polynomial, (unfortunately, I will not be able to elaborate upon
monomial orderings in the pages that follow but I refer the reader to [3] for more
information). However, in terms of the material that is addressed in this project,
the importance of the proposition above is that it tells us that every homogeneous
ideal in R = k[zy,...,x,] has a Hilbert sequence that is the same as the Hilbert
sequence of some monomial ideal in R. Thus if we can find all possible Hilbert se-
quences of monomial ideals in R, we have really found all possible Hilbert sequences
for all homogeneous ideals in R. This shows why understanding monomial ideals is
particularly important.

In Chapter 4, I am able to prove the following theorem using Proposition 1.0.1
together with the results of my research. This theorem is the main result of my
senior project.

Theorem. Suppose R = klx,y]. A sequence S is a Hilbert sequence for R/I where
I is some homogeneous ideal in R if and only if

S =1(1,2,3,4,5,...,n,n1,N2,N3, Ny, N5, . . .)

for somen € N withn>ny >nyg >n3 >ng >ns > ...

Once I had finally decided what I wanted to concentrate my efforts upon, I set
out to find as much as I could about the different types of Hilbert functions that
can arise in polynomial rings in one and more variables. This project was well suited
to by mathematical ability because I was able to compute lots of examples early on
without an extensive knowledge of the algebraic structure I was working within. My
ultimate goal was to be able to classify all possible Hilbert sequences of monomial
ideals in K[z, ..., x,], and I was able to do this for k[z] and k[z, y]. Along the way,
I also found and proved results regarding Hilbert functions of monomial ideals in
klxq,...,x,] for any n > 1.

In Chapter 2, the algebraic groundwork is laid out for the entire project. This
chapter contains no original results, but it allows me to assume background material
throughout the rest of the project. As I mentioned earlier, the examples I was
computing early on in my research were not difficult to work through, but the actual
definitions and results that I needed to use in order to give validity to my examples
were strange and foreign to me at first. Thus Chapter 2 works through many of these
definitions, beginning with some very basic definitions from linear algebra, and will
hopefully give the reader a solid idea of how standard graded k-algebras work as
well as how to work with them. This is a difficult chapter to work through, but one
should keep in mind that a standard graded k-algebra is usually either klzy, ..., z,]
or k[zy,...,x,]/I for some ideal I.

Chapter 3 introduces the Hilbert function, the Hilbert series, and the Hilbert
sequence. It is a continuation of the second chapter in the sense that gives us a
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procedure to apply to the structure we established in Chapter 2. Since the crux of
my project is seeded in these concepts, this chapter involves a lot of examples and
should help to clarify in the reader’s mind exactly how one goes about computing
the Hilbert function and Hilbert sequence given a polynomial ring and a monomial
ideal. If the reader retains exactly one piece of information from this chapter, I hope
that it is the result of Theorem 3.1.6, a consequence of a simple fact from linear
algebra.

All of my own research is presented in Chapter 4. I begin this chapter by ad-
dressing the importance of a monomial ideal and then prove some results regarding
Hilbert functions of monomial ideals in k[xq, ..., z,]. These results are nice as they
are guaranteed to work with any number of indeterminates. Then I abandon full
generality to devote some attention to k[z] and k[x,y], two polynomial rings that
are much easier to work in. Finally, I am able to give a complete characterization
of all possible Hilbert sequences in k[x] and k[z,y|. All of the work done in the
previous chapters is put to use in this chapter and so Chapter 4 is a culmination of
everything that comes before it.

Finally, Chapter 5 presents a list of open questions. These were questions that
had that surfaced during my research of the past year, but due to the finite nature
of the senior project, I was unable to devote a great deal of time to finding answers
to them. They are questions that I find to be particularly interesting and if anyone
can figure any of them out, please let me know. After all, if I was able to answer
all of the questions that I encountered along the way, then I did not choose a very
interesting project.

In closing, I have enjoyed working on this project and I hope that the reader finds
it equally enjoyable to read. This project has given me a sound idea of what it is
like to conduct research. More importantly, it has shown me exactly how to present
this research to others in a coherent manner, a skill that will prove to be useful in
the future. I find this to be the intent of undertaking a senior project, and in the
process, I have learned more than I had ever expected.
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The Algebraic Preliminaries

We begin with a brief review of some properties of vector spaces. We will then use
these very broad definitions and theorems to help us define graded k-algebras and
particular properties of these algebras. Next, we will define a graded ideal of a graded
k-algebra and then examine the resulting quotient space. Finally, we compute some
examples. We need this particular algebraic structure to define the Hilbert Functions,
Hilbert Sequence and Hilbert Series of a standard graded k-algebras which we will
elaborate upon in the following chapter.

2.1 Vector Spaces

Recall the following definition from linear algebra.

Definition. Let V be a vector space over a field k£ and let W; and W5 be subspaces
of V. Then the set Wi + Wy = {x +y | z € W; and y € W5} is called the sum of
Wy and Wy If Wy N Wy = {0} we write Wy @ W, and call this the direct sum of
Wi and Wh. A

Proposition 2.1.1. Let Wy and Wy be subspaces of a vector space V' over a field k.
Suppose V.= W, & Ws. Then every v € V has a unique representation v = wy + ws
where wy € Wy and wy € Ws.

Proof. We begin by showing that 0 € V' has a representation of the form w; 4 ws
where wy; € Wi and wy € Wy, By definition, 0 € W7 and 0 € W5 s0o 0 = 0+ 0. We
will now show that 0 € V' has a unique representation. Let 0 = w; + w» for w; € Wy
and we € Wy. Then wy = —w; € W;. Therefore wy € W1 N Wy so wy = 0 and thus
wy = 0.

Now let v € V. Then by definition, v = w; + wy for some w; € Wi and wy € Wh.
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Suppose that v can be represented as w; + we and u; + us for wy,u; € Wi and
wa, ug € Wy. Thus wy +wy = ug +1ug S0 wy +wy —uy —ug = (w1 —uy) + (we —ug) = 0.
Since we have already shown that 0 has a unique representation in V', we conclude
that wy; —u; = 0 and wy — uy = 0 so then w; = u; and wy = us. I

Proposition 2.1.2. Let W be a wvector space over a field k with subspaces
Wo, Wi, ..., W, for some n € N and suppose that W = Wy Wy & --- & W,.
Then every element w € W has a unique representation w = wg + wy + -+ - + W,
with w; € W; for 0 <1 < n.

Proof. We will prove this by induction on n. If n = 0, the result is obvious. If n = 1,
then W = W, & W;. By Proposition 2.1.1, every w € W has a unique representation
w = wy + wy; where wy € Wy and w; € Wy, so the result holds. Now assume that
the result holds for n. Let w = wo+w; + -+ -+ w, +wyy1 = vo+ v+ -+ Uy + Upiq
be two representations of w e W =Wy oW, & --- & W,, & W11 with w;,v; € W;
for0<i:<n+1Iftwelet B=WyeW, & ---&W,, then W =B & W,,; and so
w € B W,,.1. By Proposition 2.1.1, we have wy +wy+---+w, =vg+v1+---+v,
and w,11 = v,41. From our inductive hypothesis, we conclude that w; = v; for
0 <17 <n and so w has a unique representation in W. O

Definition. Let V' be a vector space over the field k£ and suppose that V has a set
of vector subspaces {W,,}22 indexed by the natural numbers. We define

W ={w € V| there exists r € N and w; € W; such that w = wg + wy + -+ - + w, }

to be the sum of Wy, Wi, W5, ..., and we write W = Wy + Wy + Wy 4 -+ If
W; N W; = {0} for all 7,7 > 0 then we write W =Wy @ W1 & Wy @ -+ = B,50W,
and call W the direct sum of Wy, W, W5, .. .. A

Proposition 2.1.3. Let W be a vector space over the field k with vector subspaces
{W, 52, indexed by the natural numbers such that W = @,>oW,. Suppose that
Wo+wy+ - F+w, =vg+uvi+---+vs € W withr < s, and where w; € W; for
0<i<randv; € W; for 0 <j <s. Then w; =v; fori € {0,...r} andv; =0 for
je{r+1,...,s}.

Proof. Let w = wy +wy + -+ +w, = v9 + v1 + - - - + v;. Note that we can write
w=wy+w;+ - +w,+ w1 +---+ws with w,.; = --- = wy = 0 and so each
w; € W, for 0 < ¢ < s. Now we have

w=wy+w+--+w+0+---+0
=v+v+-F+otogt+o-to,eWo W DD W,

By Proposition 2.1.2, we see that wy = vg, w1y = vy, ..., W, = v, and v, = -+ =
v, = 0, as desired. O
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Theorem 2.1.4. Let V' be a finite-dimensional vector space over a field k and
suppose that W is subspace of V.. Then W is also finite-dimensional and dim(W) <
dim(V'). If dim(W) = dim(V'), then V. =W.

Proof. This is a standard result in linear algebra. For example, see [5, Theorem
1.11] O

The following definition is generally given in terms of groups, but it will be ben-
eficial to us to present it in terms of vector spaces for the sake of Corollary 2.1.7.

Definition. Let W be a subspace of a vector space V' over a field £ and suppose
v € V. The coset of W containing v is defined to be the set
t=v+W={v+w|weW}
The quotient space of V modulo W is defined to be the set
VIW={v+W |veV}

A

It is easy to show that V/W is also a vector space under the following operations:
(v + W)+ (vg + W) = (v1 +vg) + W for all vy,vy €V,

and
alv+W)=av+W forallv eV and a € k.

See, for example [5].

Proposition 2.1.5. Let W be a subspace of a vector space V' over a field k and let
veV. Thenv+ W =W if and only if v e W.

Proof. (=) Suppose that v+ W =W. Since 0 € W thenv =v+0¢€ W.

(<) Suppose that v € W and let a € v+ W. Then a = v+ w where w € W and so
a € W.Hencev+W C W. Now let b € W. Since v € W then ¢ = b+ v € W. Since
W is a vector subspace, we have ¢ —2v € W and so b = ¢ —v = v + (¢ — 2v). Thus
bev+W and so W C v+ W. We conclude that v + W = W. O

Theorem 2.1.6. Let W be a subspace of a finite-dimensional vector space V' over
a field k. Let {uy,us,...,u,} be a basis for W and let {uy,us, ..., Up, V1,02, ... 00}
be an extension of this basis to a basis for V.. Then {vy + W vg + W, ... v, + W}
is a basis for V/W.

Proof. Let 8 = {v; + W,ua+ W, ... v, + W}. We will first show that 3 is linearly
independent in V/W. Suppose c1, ¢a, ..., ¢y € k and assume that

ci(vi + W) +co(va+ W)+ -+ cp(vm+ W) =0+W,
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the zero coset. Since 0 € W, by Proposition 2.1.5 we have 0 + W = W and so
(v + W)+ ca(vg + W)+ -+ + ¢y (v, + W) = W. Note that ¢;(v;+W) = cu;+W
for all 1 <7 < m. Hence

(cror + W)+ (cqug + W) + -+ - + (e + W) =
= (v +W)+c(ve+W)+-- -+ cp(v, +W)=W.

By definition, > " v, + W = (cqug + W) + (cova + W) + - + (cpvm + W) =
W and so by Proposition 2.1.5, we have ) ", cv; € W. However, the set
{ui,ug, ... Uy, v1,09,...,0,} is linearly independent and so ) ", cv; = 0 and
¢; =0 for 1 < i < m. We conclude that ( is linearly independent.

Now we must show that § spans V/W. Let « € V/W. Then z = v+ W for some

v € V. Note that
n m
v = Z&Z’Ui + ij?)j
i=1 j=1

for some aq,as, ..., a,,b1,b,...,b, € k. Since )
have

it au; € Wfor all 1 <i < n, we

r=v+W= (Zn:aiui+zmjijj)+W: zm:ijj +W
=1 =1 j=1

= b+ W) =bi(vr + W) + by(va + W) + -+ + by (v + W),
j+1
We conclude that (3 is a basis for V/WW. O

Corollary 2.1.7. Let V be a vector space over a field k and W a subspace of V.
Then dim(V/W) = dim(V) — dim(W).

Proof. Let {uy,us,...,u,} be a basis for W and let {uy, us, ..., up,v1,02,... 0y}
be an extension of this basis to a basis for V. By Theorem 2.1.6, we know
that {v; + W,uo+W,... v, + W} is a basis for V/W. Hence dim(V) = n + m,
dim(W) = n and dim(V/W) = m. Clearly dim(V/W) = m = n+ m —n =
dim(V) — dim(W). O

2.2 Standard Graded k-Algebras

We are now ready to define standard graded k-algebras.

Definition. A vector space A over a field k is called a commutative k-algebra if
A possesses multiplication such that for every z,y,2 € A and «, § € k then

1. zy = yz;
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2. 2(yz) = (xy)z;
3. x(y +2) = xy + xz;
4. a(zy) = (ax)y = z(ay) ;

5. a(fr) = (af)x.

For the purposes of this project, a k-algebra is a commutative k-algebra. Note
that k is subring of A.
If a k-algebra A has a decomposition (as a vector space over k)

A=A A PA D ---
with
1. Ag = k and
2. AA; C Ay forall 4, j >0,

then A is called a graded k-algebra and we write A = @®,>04,. If there exists
r € N such that A, = 0 for all n > r, we write A = @] _,A,, and A is called
Artinian. A

As it turns out, much of our work with graded k-algebras is motivated by rings
of polynomials. We will be working with these rings throughout this project so
it is important that we first make several definitions regarding some properties of
polynomials. Note that for the remainder of this project, the set of natural numbers,
denoted N, includes 0.

Definition. Let k[xq, ..., z,]| denote the ring of polynomials in the indeterminates
x1,...,x, over a field k. A monomial in x1,xs,..., 7, is a product of the form

xtay? - xdn where g, g, ..., o, € N. We will often write 27" 2z5%--- 25" = x

where o« = (aq,qq,...,a,) € N". The total degree of x* is a; +as + -+ ay,
which we will denote by |a|. A polynomial f in xq,xs,...,z, with coefficients in a
field £ is a finite k-linear combination of monomials. The total degree of f is the
maximum total degree of all of the monomials that make up f. The polynomial f is
said to be homogeneous if every monomial in f has the same total degree. If every
monomial in f has the same total degree n, then we say that f is homogeneous

of degree n. A

Example 2.2.1. Consider the ring R[z, %, z]. Then by definition, z%y°2? = x(452)

2Tyt = 2Tyt = xT3D) ) 2 = 29021 = xO0D and 1 = 2%%20 = %000 are all
monomials in z,y, z. The total degree of z*y°z? is 4 + 5 + 2 = 11, the total degree
of 273z is T+ 3 +1 = 11, the total degree of z is 0+ 0+ 1 = 1, and the total degree
of 1is 0+0+0=0. Then f = 3z'y°2? + 227y%z + 2 + V2, g = ma'y®2? — 427y’z,
and h = —bz + % are all polynomials in x,y, z with coefficients in R. Thus f, g, h €
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Rz, y, z]. The total degree of f is 11, the total degree of g is also 11 and the total
degree of h is 1. However, ¢ is the only polynomial of the three that is homogeneous
since the two terms that make up g both have monomials with total degree 11. Thus
g is homogeneous of degree 11. O

Example 2.2.2. Let k[z] denote the ring of polynomials in the indeterminate x
over a field k. Any polynomial in this ring can be written in the form ay + a;x +
asx? + - - - + a,a™ for some n > 0 where ag, a1, as, . .., a, € k. Thus, it is easy to see
that we can write

k[x]:R0+R1+R2+R3+"'

where Ry = {ao|ay € k}, Ry = {mz|ar € k}, Ry = {agz?|ay € k},
Ry = {azz® | a3 € k}, and so forth with R, = {a,z"|a, € k}. Now consider
R; ={a;x" | a; € k} and R; = {a;2? | a; € k} for some i # j. Note that every ele-
ment in R; can be written as a;2' for some a; € k. Similarly, every element in R;
can be written as a;a’ for some a; € k. Since ¢ # j, the only time that we have

a;x" = a;x’ is when a; = a; = 0 and so R; N R; = {0}. Hence
k‘[l‘] :Ro@R1@R2@R3@"' .

Clearly Ry = k and if a;2" € R; and a;a? € R;, then (a;2%)(a;a7) € R;R;. Also,
we have (@;2')(a;z?) = (aa;)x'a? = (a;1;)z"™7 where a;a; = a;1; € k and so
(a;x")(aja’?) € Riyj. Thus R;R; C R;y;. We see that k[z] is a graded k-algebra. ¢

Example 2.2.3. Let R = k[z1,...,x,] be the ring of polynomials in n indetermi-
nates over the field k. We will prove in Theorem 2.2.5 that R = @,,>0R,, is a graded
k-algebra where R; consists of all homogeneous polynomials of degree i fori > 0. ¢

Intuitively, we know that the coefficients of any polynomial uniquely determine
that particular polynomial. Once we know that k[xy, ..., z,] is a graded k-algebra,
the reason for this will follow from the next proposition.

Proposition 2.2.4. Let A = ®,>0A,, be a graded k-algebra. Then for each element
a € A, there exists r € N such that a can be represented as a = ag+ay +as+---+a,
with a; € A; for 0 <11 <r, and the representation is unique for any such r.

Proof. Since every graded k-algebra is a ring that contains the field & as a subring,
then A is also a vector space over k. Hence this proposition follows directly from
Proposition 2.1.3. ]

Definition. Let A = ®,>0A, be a graded k-algebra. Each a € A, is said to be
homogeneous of degree n and we write deg(a) = n. Note that 0 € A, for all
n > 0 so deg(0) is arbitrary. We say that A is finitely generated if there exists
a finite set of homogeneous elements {a;}1<;<m, such that A is spanned as a vector
space over k by the monomials

{a'az* - -agp | e; € Nfor 1 <i <mj.



2. THE ALGEBRAIC PRELIMINARIES 14

If deg(a;) = 1 for all ¢ > 0, then A is called a standard graded k-algebra. A

It follows that A; = span{aj'as®---aS" | e; + €2 + -+ + e, = i}. Notice that
the definition of homogeneous here is consistent with our definition of homogeneous
polynomials.

Theorem 2.2.5. Let k be a field and R = k[xy,...,x,] with deg(z;) = 1 for all
1 <i<n. Then R is a finitely generated standard graded k-algebra.

al a9

Proof. Let R,, = span{z{" 25> ---2%" | o € Nand > ja; = m} = span{x® | |a| = m}.

Note that since deg(z;) = 1 for all 1 <1i < n, then every element in R,, is a linear
combination over k of monomials in x1,z,,...,x, of total degree m. We begin by
showing that @,,>0R,, is a graded k-algebra. Let i,7 € N with ¢ # j. Consider
R; = span{x® | |a| = i} and R; = span{x”’ | |3| = j}. Note that 0 € R; N R; when
all of the coefficients of any combination of monomials from either set are zero. How-
ever, 0 is the only element these two sets have in common and so R;NR; = {0}. Thus,
the direct sum is well-defined. If i = 0, then Ry = span{x® | || = 0}. In this case,
since ; > 0 for 1 <4 < n, then x* = 229 ---2% = 1. Hence Ry = span{1} = k.
With full generality, suppose again that ¢ € N. Let @ € R; and b € R;. Then
a is a linear combination over k£ of monomials of total degree ¢ and b is a lin-

ear combination over k of monomials of total degree j. Let ' = z{"x5?--- 2% be
a monomial in a and ¥ = 2”25 ... 2 be a monomial in b. Then @’ has total

degree ay + ag + -+ + «,, = i and b has total degree B, + B + -+ + B, = J.
Since @'t/ = 022 alr g g o gBe = PSR ponthn hag total degree
(n + 01) + (e + B2) + -+ + (an + B) = @ + 7, it follows that ab is a linear
combination over k of monomials of total degree i + j and thus R, R; C R;y;. We
conclude that @,,>0[,, is a standard graded k-algebra. Now we only need to show
that R = @,,>0R,,. By Proposition 2.2.4, if r € @®,,>0%,,, then r can be written
uniquely as 7o + 71 + 79 + -+ + 1, for some n € N where r; € R; for 0 < i < n.
However, each r; € R; is a linear combination over k of monomials in x1, 29, -+, 2,
with total degree i. It follows that if r,, # 0, then by definition, r is a polynomial
of total degree n and so r € k[zy,...,x,]. Thus @,,>0R, C R. Now let f € R
be a polynomial of total degree s. We can rewrite f in terms of its homogeneous
components so that f = fo+ f1 + fo+ - -+ fs where each f; is the sum of all terms
in f of total degree i. Then f; is simply a linear combination over k of monomi-
als in xq,x9,...,x, of total degree i so thus f; € R; for 0 < i < s. We conclude
that f € ®,,>0R,, and so R C @,,>0R,,,. Therefore, R = ®,,,>0[%,,. By hypothesis,
deg(z;) = 1 for 1 < i < n and since R is spanned as a vector space over k by the

monomials x7'x5? - - - 20 where ai € N for 1 < k < n, we conclude that R is a
finitely generated standard graded k-algebra. O

We will now show that the dimension of each of these R;’s is quite easy to compute
provided that R is standard.
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Proposition 2.2.6. Let k be a field and R = k[z1, ..., x,] with deg(x,,) =1 for all
1 <m <n. Let B = span{z{" ---a3" | aj €N for 1 < j <, and 3 7_, a; = i}.
Then the dimension of R; as a vector space over k is

(2

Proof. Note that dimg(R;) is simply the total number of monomials of total degree
i. These monomials take the form z{'x5* - - - %" where a; +ay + - - - + «,, = 4. Since
some of these a;’s may equal zero for 1 < j < n, the number of monomials of this
type is the number of distributions of ¢ identical objects to n distinct recipients,

which is ("*ffl). For a combinatorial proof of this fact, see [2, Theorem 2.3]. O

Example 2.2.7. Let R = k[z,y| with deg (z) = deg (y) = 1. Then
Ry = span{1},

Ry = span{z, y},
R2 - span{xQ, xy, y2}7
R3 - span{x3, 1'297 f?JQa y3}7

and so forth with

_ i1, =2, 2 2, =2 il i
R; = span{z’, "'y, "%y, .. xty T ay' Tyt )

Thus dim(Ro) = 1, dim(R;) = 2, dimy(R;) = 3 and dimy(R;) =i + 1.
Proposition 2.2.6 tells us that dim(R;) = (**/"") = (“*') = i+ 1. This means that
there are 7 + 1 monomials of total degree 7. Indeed these monomials are

7 1—1 1—2 2 1—3 3 3 1—3 2 31—2 1—1 7
{a", 2"y, 2"y "0y, 2ty T ety T ay' Ty )

O

Though it is sometimes interesting to consider k[z1, ..., x,] where some of the z;’s
have degree other than 1, these types of rings are extremely difficult to work with
and so for the remainder of this project, we will assume that if R = k[z1,...,x,],
then R is standard.

2.3 Graded Ideals

Since graded k-algebras are also rings, investigating the ideals and quotient rings of
these algebras can sometimes provide us with interesting information. We begin by
recalling the following definition.

Definition. A subring [ of a ring R is called an ideal if al C I and Ib C I for all
a,b e R. AN
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Also recall that if a—+ I is the coset of an ideal I containing a, and b+ I is the coset
of I containing b, then (a+ 1)+ (b+1) =(a+0b)+ 1 and (a+I)(b+ ) = (ab) + 1.

Proposition 2.3.1. Let R be a ring with unity and let I be an ideal of R. Let u € R
be a unit. If u € I then I = R In particular, if 1r denotes the multiplicative identity
of R then 1 € I implies I = R.

Proof. Let u be a unit of a ring R. Then there exists u=! € R such that
wu "t =u"tu=1p. Suppose u € I. Then 1z = wu! = v tu € I. If 1 € I,

thena=1g-a=a-1g € [ for all a € R. Thus I = R. [

It would seem natural to consider ideals [ in a graded k-algebra that have a vector
space decomposition [ = Iy &1} & Iy B - -+ = Bp>0l,. It turns out that these ideals
are very important.

Definition. If A = @,50A4,, is a graded k-algebra, a graded ideal I is a vector
subspace of the form I = @,,>¢/,, such that

1. Foralln >0, I, C A,.

A

Proposition 2.3.2. Let A = ®,,>0A, be a graded k-algebra. Let I be an ideal of A.
Then I is a graded ideal if and only if given ag +ay + ---+a, € I for somer € N
with a; € A;, then a; € I for 0 <1 <.

Proof. (=) Suppose I = @,>0l, is a graded ideal of A. For some r € N, let
a=ay+a+---+a. €11 where a; € A; for 0 < ¢ < r. Since [ is a graded ideal,
then we also have a = by +b; +---+b, where each b, € I, C A; for all 0 < i < r.
By Proposition 2.2.4, a has a unique representation because a € I C A. Hence
a;=b, € l; CIforall0<i<r.

(<) Suppose that for all » € N, whenever ag+ a; + - - -+ a, € I with each a; € A;
for 0 <4 <r, then a; € I as well. Define I; = A; N1 for all j > 0. We begin by
showing that I = Iy + I; 4+ Iy + - - -. Since each I; C I for all j > 0, it follows that
I+ +1,+---CI. Nowletael. Since I C A, then a € A. By Proposition 2.2.4,
we know that there exists m € N such that a = ag + a1 + - - -+ a,, and each a; € A;
for 0 < i < m. By hypothesis, each a; € I as well. Therefore, each a; € A, NI = I,
andsoac o+l +1Is+---. Thus I C Iy + I; + I, + --- and so we conclude that
I=Iy+L+I,+---.

We will now show that I; N [; = {0} for all 7,57 > 0 with ¢ # j. Note
that LNL = (ANDHN(A NI =(ANA;)NI={0}NI={0} whenever i # j.
Therefore, I = @,>01,.

Finally, we will show that I satisfies the properties of a graded ideal. Clearly
I; € A; for all i > 0 because [; = A; NI C A;. Let a;b; € A;I; where a; € A; and
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b; € I;. Since b; € A; NI, then b; € Aj and b; € I. Hence a;b; € A, ;. Because
is an ideal, we also know that a;b; € I so then a;b; € A;; NI = I,;;. We conclude
that A;1; C I;;; and thus I is a graded ideal. O

In the proof of the last proposition, we defined I; to be the intersection of A; with
I when A = ®,,>0A4, is a graded k-algebra with an ideal I satisfying the properties
given above. Then we showed that I = ®,>¢l,. As it turns out, for every graded
ideal I = @TLZOITM Ij = Aj N1

Proposition 2.3.3. Let A = ®,>0A, be a graded k-algebra with a graded ideal
I = @nz()[n. Then IZ = Az ayi fOT’ all 1 2 0.

Proof. By definition, I; € A; and I; C I. It follows that I; C A; N [ for all

1> 0. Now let a € A;NI. Then a € I and since I C R, we have a € R. By

Proposition 2.2.4, there exists r € N such that a can be written uniquely as a =

ag +ay + -+ a, with a; € A; for 0 < i < r. By Proposition 2.3.2, each a; € I as

well. However, we also know that a € A; and so a can be uniquely represented as

a=0+...4+40+a;+0+...+0 where a/; € A;. Since [; C A; for all j € N, we
——— ———

i—1 times r—i times
conclude that ag = a; = -+ =a;_1 = @420 = -+ = a, = 0 and a = a; = d/;. Since
a=a; € I;, then A; NI C I;. Therefore, I; = A, N 1. O

Proposition 2.3.4. Let A = ®,>0A, be a graded k-algebra with a graded ideal
I = ®,>0l,. Then either Iy = {0} or I = A.

Proof. By definition, Iy C Ay = k. Let x € Iy C [ with x # 0. Since k is a field
then every non-zero element of k is a unit. By Proposition 2.3.1 we have [ = A. In
order to have the case where [ is a proper ideal, no such x can be contained in I,
and so Iy = {0}. O

Definition. Let A = @,,>0A,, be a graded k-algebra and let a4, as, . . . a,, be elements
of A. Then I = (a1, a9,...,an) ={> -, a;b; | b € Afor 1 <i < m} is called the
ideal generated by a,as,...a,,. A

It is an easy exercise to show that this set is an ideal. However, it is not so apparent
that this ideal is also a graded ideal.

Proposition 2.3.5. Let A = ®,,>0 be a graded k-algebra. Suppose ay,as,. .., ay, €
A are homogeneous elements with deg(a;) = d; for 1 < i < m. Then I =
(a1, a9, ..., an) is a graded ideal.

Proof. Let z € I. Then x = a;b;+asbs+- - -+a,,b,, where by, by, ..., b, € A. We can
write each b; as a sum of homogeneous components and so b; = b;, +b;, +---+0b;, =
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Z?:o b;; for some k € N where each b;; has total degree j. Note that b;, € A;. Thus

k1 ko km
x:alzbl +a2zb2j+ +amzbm3
7=0 7=0 7=0
k1 ko km
= Z alblj + Z a/2b2]- + + Z ambmj
7=0 7=0 7=0

Then each a;b;; is homogeneous of total degree d;+ 7, and since a; € I, each a;b;; € I
as well. Let z, be the sum of all a,b,, such that d, + s = r. Then we can write
T =xg+ To + -+ x; where ¢ is the maximum total degree of all of the a;;;’s.
Notice that each z, € A, and is homogeneous of degree ¢ for 0 < ¢ < t. However,
x4 is simply a sum of things in I and so z, € I. By Proposition 2.3.2, we conclude
that I is a graded ideal. O

It turns out that if A is a graded k-algebra and [ is a graded ideal of A, then their
ring quotient A/I is also a graded k-algebra.

Theorem 2.3.6. Let A = ®,,>0A, be a k-graded algebra with a proper graded ideal
I = ®u>0ln. Then A/I is also a graded k-algebra with A/l = ®,50(A,/1,) as a
vector space over k.

Proof. We begin by showing that @,>¢(A,/I,) is a graded k-algebra with multipli-
cation defined as follows: if @; € A;/I; and @; € A;/1;, then a;-a; = @;a; € Aitj/Liy;-
We must first make sure that this multiplication is well-defined. To do so, we shall
show that if a; + I; = b; + I; and a; + I; = b; + I;, then a,a; + I;1; = bib; + I;y;.
Notice that we want (a;a; — b;b;) + I;+; = 0+ I,+; and so we only need to show that
a;a; — b;b; € I;1; to prove that this multiplication is well-defined. Note that we can
write a;a; — b;b; as

aiaj — blb] + &Z'bj — aibj = ai(aj — b]) + bj(ai — bl)

Since a; + I; = b; + I;, then (a; — b;) +1; = 0+ I; and so a; —b; € I;. We can similarly
show that a; — b; € I;. Since a; € A;, by the properties of graded ideals we have
ai(aj - bj) € AZI] Q Ii-‘,—j' Slmllarly, since bj S Aj, then bj((li - bz) c AJIZ Q Ii-‘,—j-
Therefore, a;(a; — b;) + b;j(a; — b;) € I;+; and so a;a; — bb; € I;;, as was desired.
We conclude that our multiplication is well-defined.

Since Ag = k and I # A, then by Proposition 2.3.4, I = {0}. Hence Ay/Iy =
k/{0} = k. Using the multiplication we just defined, let z = xy where z € A;/I; and
y € A;/I;. By definition, z € A;4;/I;+j. Thus &,>0(An/I,) is a graded k-algebra.

To show A/I = @,>0(A,/I,), we need to find a ring homomorphism ¢: A — @,>0(An/ 1)
that is surjective with ker(¢) = I. If we can find such a map ¢, then the First Iso-
morphism Theorem for rings says that there exists a map ¢: A/ — @,50(A,/1,,)
that is a ring isomorphism (see, for example [4] Theorem 4.1.2).
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Define ¢: A — @,50(A,/1,) as follows: if a € A with a = ag + a1 + - -+ + a, for
some a; € A; and r € N, then

¢la) =T +a +---+a,

where @; = a; + I;.

We will first show that ¢ is a ring homomorphism. Let a,b € A and choose p € N
such that both a and b have the foorm a = ap+a;+---+a, and b =by+by +---+b,
with a;,b; € A; for 0 < i < p. Then

Ppla+b)=¢((ao+ar+---+a,)+ (bo+ b+ +bp))
= ¢((ao +bo) + (a1 +b1) + -+ + (a, + b))
= (a0 +bo) + (a1 +b1) + -+ + (ap + by)
= (@) + (bo) + (@) + (ba) + -+ + (@) + (by)
=(@+ar+--+a,)+ (bo+ b1 +---+b,) = ¢(a) + (D)

because of the definition of addition in cosets. Also, note that
p
ab = (ag+ar+---+ap)(by+ by + -+ +b) = > ab.
i,j=0

If ¢, = Ziﬂ:k a;b; for all 7,7 < n, then ab = ¢y + ¢ + - - - + c9p Where ¢; € A, for
0 <7< 2p. Thus

¢(ab>:¢(00+cl+"‘+62n):%—Fc_l_}_..._'_ﬁ'

By the properties of cosets,

Cr = apbp + a1bg_1 + - - - + ar_1b1 + agbg
= agby + ar1bp_1 + -+ + ax_1by + agbo
= (@) (br) + (@) (br—1) + - - - + (@—1)(b1) + (@) (bo).

Notice that the last equality uses our definition gf multiplication in @,>0A,/L,.
Therefore, ¢(ab) = 377, _o(@)(b;) = > _7_, @ Y j_obj = ¢(a)¢(b). We conclude that
¢ is a ring homomorphism.

Let © € @,>0(An/l,). Since ®p>0(A,/1,) is a graded k-algebra, then we can

write x = x1 + 23 + - - - + x, where z; € A;/I;. Hence x; = a; + I; for some a; € A,

and so x; = @;. Thus ¢(a; + as + -+ + a,) = x so ¢ is surjective. Now sup-
pose a =ag+ay + -+ a, € ker(¢). Then ¢(a) = ¢p(ag +a; + -+ +a,) = 0 so
Gy +a; +---+a, = 0. By Proposition 2.2.4, ag = a; = --- = @, = 0. Proposition

2.1.5 tells us that if a; +I; = @; = 0, then a; € I, for all ¢ > 0. Thus @ € I so
ker(¢) C I. Now let a € [ so a = ap+ay +- - -+ a, for some a; € I;. Then a;+ I; = I;
and we deduce that @; = 0. Hence ¢(a) = ¢(ap+a1+---+a,) =a+ar+---+a, =
0+0+---+0=0. Therefore a € ker(¢). Since the choice of a € I was arbitrary,
we conclude that I C ker(¢). O
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Throughout this project, we are mostly concerned with ideals of the form
(ay,aq,...,ay,) where ay,as,...,a, are monomials. We will now introduce some
techniques for analyzing polynomial rings, monomial ideals and their corresponding
quotient spaces. Some examples should help to clarify this.

Example 2.3.7. Consider R = k[z,y], (remember that deg(z) = deg(y) = 1).
Let I = (2, 2%y, y%) = {h12® + how*y® + h3y® | hy, ho, hs € R}. To figure out what
I looks like, we first use some intuition. For example, if we let ho = hy = 0, then
I contains hix® where h; is any polynomial (in particular, any monomial) in R.
Similarly, any polynomial (or monomial) multiple of 2%y or y% is also in I. We can
write I = ®,,>0/l,, where I; is the span of all monomials of total degree ¢ in /. Thus

Iy =1, = I, = (0), (since no monomial of our ideal has total degree 0, 1, or 2),

I3 = span{z®}, (since 2* € I),
I, = span{z*, 2*y} (since z* = x(2*) and 2%y = y(2%)),
Iy = span{z®, 'y, 2%y?, 2*y®}, (since 2° = 22(2%), 2ty = 2y (2?), 2%y = v*(2*), and 2%y* € I).
Similarly, we can see that
Is = span{a®, 2%y, a*y*, a%y°, 2y, 4},
I = span{z’, 2%, 2°y% o'y’ 2y, 2%, 2y, ¢},
Iy = span{a®, 2Ty, 2% 2®y%, aty" 2%y°, 1S, ay”, Y,

and so on. Notice that I; = R; (as defined in Example 2.2.7) for all i > 7.
Intuitively, we can construct R/I by deleting the monomial terms in each I; from

each R;. The next example will illustrate this in a more convincing manner, but

sometimes it is easier to visualize R/I in the manner that follows. Note that we

write zeyb to indicate 2% + I;.
Ry /Iy = k,

Ry /I = span{Z, 7},
Ry /I = Span{Pax_ya?}a
Ry /Iy = span{z2y, xy?, 3},
Ry/I, = span{x2—y2, zy?, ?}7
Rs/Is = Span{flf—yzla E}a
Rg/Is = span{xzy5},
R;/I; 2 Rg/Ig = Ry /Iy = --- = (0).
Note that since R/I = @8_,(R,/I,), then R/I happens to be Artinian. O
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In Chapter 4 we will show that for each coset m + I, m is the only monomial in
that coset so we can misuse notation and write m instead of . = m + I in R/I.

Example 2.3.8. Let R = k[z,y] and let I = (22, zy). Since R is a standard graded
k-algebra, we can write R = ®,,>¢R,, where

n
R; = span{z{"---zp" | o € Nfor 1 <i <mn and Z&j =1}
j=1

Then Ry = span{z%y’} = span{1} = k, R, = span{z,y}, Ry = span{x?, zy,y*},
R3 = span{z?, 2%y, ry?, 3>}, and so forth as outlined in the proof of Theorem 2.2.5
and Example 2.2.7.

Also note that we can write I = @,>0/l, where [; is the span of all monomials in
I of total degree ¢. Then

Iy =1, = (0),
I, = span{z?, zy},
Iy = span{z®, 2y, xy’},
and so on. In keeping with Theorem 2.3.6, we see that
Ry =k and Iy = (0) implies that Ry/Iy = k,
Ry = span{z,y} and I; = (0) implies that R;/I; = Ry,
Ry = span{z?, zy,y?} and I, = span{2? xy} and R,/I, = span{y?},

Rs = span{z®, 2%y, xy*,y°} and I3 = span{z®, z%y, xy*} implies that
Ry /I, = span{y3},

and so forth. We notice that R, /I, = span{y"} for n > 2. O

Though we have only been computing examples in k[x, y], we can compute exam-
ples in k[z, y, z] or even k[z1, ..., x,] in the exact same manner. However, the number
of monomials tends to get large very quickly. For example, if R = k[xy, za, ..., x10]

then there are (10+22_1) = (121) = 55 monomials of total degree 2 in Ry!

2.4 A Visual Example in k[x, y]

We now shift our focus to the polynomial ring R = k[x,y]. In Chapter 4, we will
formally define a monomial ideal, but for now, let us assume that a monomial ideal
I in k[z,y| is any ideal generated by a set of monomials in k[z,y]. Since every
monomial z'y? € k[z,y] is homogeneous of degree i+ j, we see that every monomial
ideal is generated by a set of homogeneous elements. By Proposition 2.3.5, then
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every monomial ideal is a graded ideal. In Theorem 2.2.5 and previous examples,
we have seen that

R,, = span{a'y’ | i+ j =m}

and
I, = span{z'y’ | i +j =m and 2%y’ € I}.

Suppose z%° € I. It follows that z%y® € I, since 2%" is homogeneous of degree
a+b. Now consider I, for some r € N. Notice that (z%y°)(z¢y?) € I, for all
monomials z¢y? such that the total degree of x°y? is r. By Proposition 2.2.6, there are
r + 1 such monomials. For example, if r = 1, then there are two monomials of total

degree 1 and these monomials are x and y. Thus, the monomials (x%°)(x) = x2+1y?

and (z%°)(y) = 2%’ are also in I. Similarly, if » = 2, then there are three
monomials of total degree 2 and these monomials are 22, zy, and y2. Therefore, the
monomials (z%°)(x?) = 22 2yt (2%°)(xy) = 22Tyt and (2%9°)(y?) = 2%°+? are
all in 1.

Therefore, we can make a graph that represents any monomial ideal I in N x N.
For example, we plot the point (p,q) if and only if 2Py? € I. More specifically, if
I = (2"y®), then we simply plot the point (r,s) and every point (r + ¢, s + u) such
that ¢,u € N. Thus we plot (r, s) and every point to the right and above (r, s).

10

o ©

N w01 O N

Figure 2.4.1.

Example 2.4.1. The graph associated with the monomial ideal I = (z%y?) is shown
in Figure 2.4.1. O

As it turns out, if I = (z@y® x%2y% . . x%mybn) then our graph consists of
every point (a; + ¢, b; +d) = (a;, b;) + (¢, d) where ¢,d € N for 1 < ¢ < m. This is the
same as taking the union of the points in the graphs for I, = (z®yb), I, = (z%2yb2),
up to I, = (xmy’m).
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Example 2.4.2. The graph associated with the monomial ideal I = (x*, 2%y, y°)
is shown in Figure 2.4.2. Notice that in this graph, we can see which monomials
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Figure 2.4.2.

generate I. They are represented by the points with no other points to the left
and below them. These points are (0,6) (2,3), and (3,0) which correspond to the
monomials 2y® = °, 2%¢y3 and 22y° = 22, respectively, and are the exact monomials
we chose to generate [. O

These graphs can also show us which generators for I are redundant. For ex-
ample, if I} = (2%, 2%y3, 4, 28y), the monomial 2y is a redundant generator since
(8,1) = (3,0) + (5,1). What this literally means is that z%y' = (2?)(2’y'). Sim-
ilarly, if I, = (2%, 2%y3, 9% 2%7), then the monomial 2%y is redundant since
(9,7) =(2,0) + (7,7). In this case, we also find that (9,7) = (2,3) + (7,4) and
(9,7) = (0,6) + (9,1) which means that (9,7) is a point contained in each of the
graphs for the ideals (z?), (z%y?), and (y°). L

In Chapter 4, we will show that if 2%y® & I, then x%y® € (R/I) and then we will
show that it is acceptable to write 2%y’ € (R/I),1p for z0y?. Thus we can also make
a graph to represent R/I by plotting all points (m,n) € N x N such that 2™y™ & I.
Notice that this is consistent with Corollary 2.1.7. If I = (z®y® a2y ... gmeybm)
then we can also make a graph for R/I by taking the intersection of all of the points
in the graphs of R/{x®y") R/(x2y"), up through R/{(z%ybm).

Example 2.4.3. Let I = (2% 2%y 4°) as in Example 2.4.2. Then the graph as-
sociated with R/I is shown in Figure 2.4.3. Notice that there are a finite number
of points in this graph. However, it need not always be the case that the graph
associated with R/I has a finite number of points. O

Example 2.4.4. Let I = (2% zy). Then the graph associated with I is shown in
Figure 2.4.4 and the graph associated with R/I is shown in Figure 2.4.5 on the
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following page. Notice that Figure 2.4.4 contains no point of the form (0, ¢) for any
¢ € N. As a result, Figure 2.4.5 contains all points of the form (0,¢) for all ¢ € N
and so the number of points in the graph corresponding to R/I is infinite.

O

It would seem to be that case that in order for the number of points in R/I to be
finite, then the graph corresponding to the ideal I would have to contain the points
(4,0) and (0,7) for some i,5 € N. What this literally means is that z°,y’ € I for
some 4,j € N. This turns out to be true and we will prove it in full generality in
Chapter 4.

Also notice that if the point (a,b) is contained in the graph of R/I, then every
point to the left and below (a,b) in N x N is in the contained in the graph of R/I.
That is, every point (a —¢,b—d) isin R/I for 0 < ¢ < a and 0 < d < b. What this
means is that if xz¢y® € R/I, then z¢y? € R/I for 0 < ¢ < a and 0 < d < b. We will
prove this in Chapter 4, as well.
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Figure 2.4.5.

These graphs can be very helpful when trying to investigate the behavior of mono-
mial ideals in k[z,y]. We will use them again in the next chapter.



3
All Things Hilbert

In this chapter, we define the Hilbert function of a standard graded k-algebra. We
will then use this function to create the Hilbert sequence and Hilbert series of the
algebra. These sequences and series often have useful properties and we will compute
some examples. In the next chapter, we will be solely concerned with generalizing
the Hilbert function for certain types of ideals.

3.1 Hilbert Functions, Hilbert Sequences and Hilbert Series

Throughout the remainder of this project, we will denote the dimension of A,, as a
vector space over k by dimy(A,).

Proposition 3.1.1. Let A = @,>04, be a finitely generated k-algebra. Then
dimy(A,,) is finite for all n > 0.

Proof. Since A is finitely generated, there exists a finite set of homogeneous ele-
ments {a; }1<;<m such that A is spanned as a vector space over k by the monomials
{af"a5? - a2 | oy € N}. Also, A, = span{ai*a3?---a% | > . a; = n}. Thus
dimg(A,) is the number of monomials of this type. Since the number of a;’s is finite
and the number of choices for each «; is finite, we conclude that dimg(A,) is also
finite. O

Definition. Let A = ®,>0A4, be a finitely generated graded k-algebra. We define
the Hilbert function of A by

H(A,n) = dimg(A4,).

The Hilbert sequence of A is the vector Ha = (Hy, Hy, Hs,...) where H; =
H(A, i) for all i > 0. A
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Example 3.1.2. Let R and [ be as in Example 2.3.8. By Proposition 2.2.6 we have
H(R’ n) = dlmk(An) — (2+n—1) = (n:l) =n+1. Then Hg = (1, 2, 3, 4, 5, 6, .. ) By

n
counting the number of monomials it takes to span I in Example 2.3.8, we see that

H(I,0) = dimy(ly) = H(I,1) = dimg(f;) = 0 and H(I,n) = dimg(I,) = n+ 1 when
n>2so Hy = (0,0,2,3,4,5,...). We can repeat the same process with R/I and
we discover that H(R/I,0) = dimg(Ro/lp) = 1, H(R/I,1) = dimy(R,/I;) = 2 and
H(R/I,n) = dim(R,/I,) =1 when n > 2. Hence Hgr;1 = (1,2,1,1,1,1,...). ¢

Example 3.1.3. Let R and [ be as in Example 2.3.7. We can compute our Hilbert
sequences as we did in Example 3.1.2 and we find that

Hr = (1,2,3,4,5,6,7,8,9,10, .. .),

Hy = (0,0,0,1,2,4,6,8,9,10,...),
and

Hr/1 = (1,2,3,3,3,2,1,0,0,0,...).

Note that Hr/1 = Hr — Hi when we treatHgr 1, Hr and Hy as vectors. this is
true in general and we will prove it in Theorem 3.1.6. O

First, we will use Hilbert functions to create a generating function.

Definition. Let A = ®,,>0A,, be a finitely generated graded k-algebra. The Hilbert
series of A, denoted F(A,t), is the generating function

F(A,t) = i H(A, n)t".

Example 3.1.4. Let R and I be as in Examples 2.3.8 and 3.1.2. Then
F(R,t) =1+2t+3t> + 4% + 5¢" +6t° + - --

d
:a<1+t+t2+t3+t4+---)

Cdf 11
Cdt\1—t)  (1—-t)2’

F(I,t) =2t + 3t + 4t* + 57 + - -
=t(2t + 3 + 42 +5¢" + )
=t(1+2t+ 3 +4t° +--- — 1) =t(F(R,t) — 1)

_ 1 ) 22—t
IR B (R
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and

FR/Lt) =142t +2 +2 +t' +° + -+
=142+ 21+t + 2+ 83+ + 0+ )

1 1+t—t2 1-=212+1¢
=1+2t+¢ = = :

I—t (1—1)2
O
Example 3.1.5. Now let R and I be as in Example 2.3.7. Then we have
1
F(R,t) =142t 436> + 48° 4 5t" + 61" 4 - - = (1—1)2

as we saw in Example 3.1.4, and

F(I,t)=0+0t + 0 + 3 + 2t* + 4° + 6t° + 87 + 9t + 10t + - - -
=7 +2t" + 4" + 6t° + (F(R,t) — 1 — 2t — 3t* — 4¢° — 5t* — 6t° — Tt°)

:t3+2t4+4t5+6t6+< —1—2t—3t2—4t3—5t4—6t5—7t6>.

1
(1-1)?
Through some routine algebraic manipulation, this can be written as

0+t — 18

F(I,t)= (i

Also
F(R/It) =142t +t* + 35 + 3* + 2t° +¢°

which happens to be finite. If we want to, we can write this as the rational function

1—t° —t34+¢8
(1—1)

F(R/I,t) =

It turns out that F(A,t) always has the form of a rational function with integer
coefficients when Ais R, I or R/I and R = k[z1,...,x,]. Theorem 3.1.9 will address
this fact. O

Recall that in Examples 3.1.2 and 3.1.3, we saw that Hg ;1 = Hgr — Hi. Addition-
ally, observe that in Examples 3.1.4 and 3.1.5, we have F(R/I,t) = F(R,t)—F(I,t).
In fact, this is true in general as we will now prove.

Theorem 3.1.6. Let A = ®,>04, be a graded k-algebra with a graded ideal I =
DBn>0ln. Then HR/I = Hgr — Hi.
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Proof. By definition Hr/1 = (Ho, Hi1, Ha, ...) where H; = H(R/I,1) for all i > 0.
Similarly, Hr = (Ao, A1, As,...) where A; = H(R,i) and Hy = (Bo, By, Bs,...)
where B; = H(I,i) for all i > 0. Clearly Hgr —Hy = (Ag— Bo, A1 — By, As— Bs, . . .).
Thus we only need to show that H; = A; — B; for all i > 0. Consider H,,, A,, and
B,, for some m > 0. We have H,, = H(R/I,m) = dimg((R/I),) = dimg (R /In)-
Similarly, A,, = H(R,m) = dimy(R,,) and B,, = H(I,m) = dimg(l,,). Since R,,

is a vector space over the field k and I,, € R,,, by Corollary 2.1.7 we have
dimy (R, /I,) = dimg(R,,) — dimg(I,,,) and thus H,, = A,, — By,. O

Corollary 3.1.7. Let A = ®,>0A, be a graded k-algebra with a graded ideal I =
®n>0ln. Then F(R/I,t) = F(R,t) — F(I,1).

Proof. Define the addition of generating functions as follows:

Zax +be3 Zak—i-bk)xk
k=0

(for a more thorough treatment of generating functions, see [2]).
Then

F(R,t) ZH (R,n)t ZH (I,n)t i(H(R, n) — H(I,n))t"
By Theorem 3.1.6, we have
> (H(R,n) = HI,n))t" =Y H(R/I,n)t" = F(R/I,1)

O

We also observe some other properties of the Hilbert series, particularly when
R =Fk[xy,... 2,

Theorem 3.1.8. Let R = k[xy,...,x,] where deg(z;) =1 for 1 <i <mn. Then

FRO) = 7=

Proof. We will prove this by induction on n. First, let n = 1. Then R = k[z]| =
@;>0R; where R; = span{z'}. Clearly H(A,i) = dimy(R;) = 1 for all # > 0. Thus

ZHAn Zl =1t =

n=0
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Now suppose the result holds for n > 1. Then if R = k[zy,xo,..

rem 2.2.6 tells us that H(R, i) =

30

xp], Theo-

dimy(R;) = (”J” 1) for all i € N, so by hypothe51s

-1 1-1 2—1 -1
F(R.t) = n+0 n—l— ‘i n—l— 24 n+3 B
0 3
_(n—1 n +1t n+2 3. _ 1
Lo 2 (1=t
Let R = k[xq, ..., Ty, xn+1]. Then R = @j>0R» where

H(R' i) = dimg(R;) = (

for all 7+ € N. Hence

)

0 1 2 3
() (e (e (e
n+i—1 n+i—1

If we use the combinatorial identity (”’LZ) = (

i >+(i—1

the fact that (Z) = 0 when i < 0 (see [2, Chapter 2, Section 3]), then

=[5 (T
[ A (S0 1T G R (i
(o) (2] 0 )

()= () )+ (137 e
Aol () e () (1) (157
(S O 0 L G L R (O W
A e () (57w o ) (1

—F(R.t) + tF(R,1).

We see that F(R',t) = F(R, t)—l—t]:(R’ t) and so by hypothesis F (R’
which implies that F(R',t)(1

Then F(R',t) —tF(R',t) =
F(Rt) =

a-on t)"
W as was desired.

) =
t)

(1- t)

)for0<i<n+iand

)

H("3 )
Dew (M )e
) ("3 )

—— +tF(R,t).
Thus
O

n +
2

n—+ 2
2
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It is worth noting that if R = k[xy,...,z,| with deg(x;) =¢; >0for 1 <i<n

then we have 1

H?:l(l - tei)'
Since we are only concerned with standard graded k-algebras, this result is more
general than we need it to be, but see [6] for more information.

F(R,t) =

Theorem 3.1.9. Let A = ®,,>0A, be a finitely generated graded k-algebra. Suppose
A is generated by the set of monomials {x;}1<i<s where deg(x;) = e;. Then F(A,t)
1s a rational function of the form

0
Hf:l(l o tei)
where f(t) € Z][t].
Proof. See [1, Theorem 11.1]. O

Notice that all of our previous examples are consistent with this theorem.

3.2 A Continuation of Section 2.4

At the end of the Chapter 2, we created graphs in N x N that corresponded to ideals
I'in R = k[z,y] and R/I. These same graphs can be used to compute H(/, ) and
H(R/I,i). Recall from our previous examples that H (R, ) is simply the number of
monomials in  and y of total degree i, and that there are i + 1 such monomials. If
we were to make a graph for R as we did for I and R/, we would simply plot every
point in N x N. Notice that every monomial of total degree i takes the form z%y°
where a+b = ¢ and thus every point in this graph that corresponds with a monomial
of total degree 7 graph falls on the line y = ¢ — 2. This is shown in Figure 3.2.1. Keep
in mind that the only lines we can see in full are the lines y =7 — 2 for 0 <17 < 10.

Also note that there are ¢ 4+ 1 points on each line y = i — x. Hence the number of
points that fall on the line y = ¢ — x equals dimg(A4;) = H(R,i). Now to compute
H(1,i), we simply need to make a graph as outlined in Section 2.4 and count the
number of points in the graph that fall on the line y =7 — x.

Example 3.2.1. Let I = (23 2%% ¢%) as in Examples 2.3.7, 2.4.2, 3.1.3, and
3.1.5. The graphs that correspond with I and R/I are shown in Figures 3.2.2 and
3.2.3, respectively, with the lines y = ¢ — = included for 0 < i < 20. We can easily
see that

H(I,0)=H(I,1)=H([,2)=0

since there are no points in Figure 3.2.2 that fall on the lines y = —z, y = 1 — 2 and
y = 2 — x. However, there is one point on the line y = 3 — z so we conclude that

H(I,3) = 1.
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Figure 3.2.2.

Similarly, we can see that
H(I,4)=2,H(I,5) =4, H([,6) =6

and
HI,7+r)=7T+r+1=8+r

for r > 0. Hence H; = (0,0,0,1,2,4,6,8,9,10,...). We can proceed in a similar
manner to see that H(R/I,0) =1, H(R/I,1) =2, H(R/I,2) = 3, H(R/I,3) = 3,
H(R/I,4) =3, H(R/I1,5) =2, H(R/I,6) = 1, and H(R/I,7+r) = 0 for r > 0.
Hence Hgr,1 = (1,2,3,3,3,2,1,0,0,0,...). Both Hy and Hgr 1 match the sequences
we obtained in Example 3.1.3. O
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Figure 3.2.3.
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Example 3.2.2. Let I = (22 zy) as in Examples 2.3.8, 2.4.4, 3.1.2, and 3.1.4.
The graphs that correspond with I and R/I are shown in Figures 3.2.4 and 3.2.5,

respectively, with the lines y = ¢ — 2 included for 0 <17 < 10.

Figure 3.2.4.

We can easily see that Hy = (0,0,2,3,4,5,...) and Hryr = (1,2,1,1,1,1,...) as

we found in Example 3.1.2.

O
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Figure 3.2.5.
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4

Hilbert Sequences of Monomial Ideals

In Chapters 2 and 3, we have computed several examples using monomial ideals.
However, as we have yet to define a monomial ideal, there is a bit more theory
that needs to be addressed before we can continue our exploration into the different
types of Hilbert sequences in k[zi,...,x,]. In this chapter, we will finally define
a monomial ideal and will discuss some important attributes of this type of ideal.
Then in Sections 4.3, 4.4 and 4.5, I will present my own results which include some
basic properties of Hilbert functions and Hilbert sequences of monomial ideals in
klxy,...,z,] and a classification of all possible Hilbert sequences for R/I when
R = k[z] or k[z,y] and I is any monomial ideal in R.

4.1 Monomial Ideals

Recall from Section 2.2 that if R = k[z1,...,x,], then a monomial in R is a product
of the form z{'25* - - - 22" where o; € N for 1 < i < n which we denote by x“. Note
that 2929 - -- 22 =1 is always a monomial. Also recall that the total degree of x“
isoq+ay+ - +a, =) a; and we write > - | a; = |a|. We will be using this

notation extensively throughout this chapter.

Example 4.1.1. It is often helpful to think of a as a vector with the vector proper-
ties of addition and subtraction (after all, it is an n-tuple of non-negative integers).
In fact, addition and subtraction correspond directly to the multiplication and divi-
sion of monomials. For example, if R = k[xy, 22, 23, 74] then m; = x1 252231 2,4° and
My = T1T2°x4° = x129°23 x4 are both monomials in R. To utilize our shorthand
notation, we write m; = x® = x("?%% and my = x% = x(42%3) 50 a = (7,2,4,5)
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and 5 = (1,2,0,3) with || = 18 and |3| = 6. Hence

mimy = z1 o w3 v, 1y 20 s
_ 7 2 .2 4.0 5.3\ _ . 7T+l 242 440, . 5+3
= ($1 $1)($2 X2 )($3 x3 )(954 Xy ) =T X2 €3 Lyq

= .T18.T24£I?34£I?48

by an algebraic rule of exponents. Thus x*x” = x7 where v = (8,4, 4, 8). Note that
a+ [ =ryand |y| =24 =[a|+ ]3]
Similarly,
my 1w w s 7-1,. 2-2. 4-0, 5-3

= 2. 0.3 = T ) T3 Ty = 1'161'201E34ZE42 = 1'16ZE34ZE42
ma L1227 T3" Ly

and so X3 = x° where § = (6,0, 4,2). Note that a—3 = d and |§| = 12 = |a|—|3]. O

It is not difficult to show that for all x¥, x? € k[x1,...,x,], then xx? = xo+#
and the total degree of x*x” is |a| + |3|. Similarly, if a; > 3; for 1 < i < n, then
x(l

x> =x*" and the total degree of X5 is |a| — |4].
We will now define a monomial ideal. This definition is hardly surprising.

Definition. An ideal I of R = k[xy,...,z,] is called a monomial ideal if there
exists A, a set of n-tuples of non-negative integers (possibly an infinite set), such
that I = (x* | a € A). A

Therefore, an ideal is a monomial ideal if it is generated by a set of monomials as
we have previously assumed. It is important to note that since every monomial of
total degree 7 is homogeneous of degree i, then Proposition 2.3.5 tells us that every
monomial ideal is a graded ideal.

Example 4.1.2. Let R = kfz,y] and let A = {(3,0),(2,3),(0,6),(8,1)}.
Then I = (x30),x(23) x©06) xG0) = (3310 123 2006 18y1y = (13, 2243 4, 2%y) is
a monomial ideal. We saw this ideal in Example 2.4.2. Notice that when we made
the graph in N x N corresponding to I, we plotted the point a = (a,b) and all of
the points to the right and above (a,b) for each x* € I. Thus we plot each point
(aq + ¢, a9 + d) such that (a1, a2) € A and ¢,d € Nin N x N. O

4.2 Some Properties of Monomials and Monomial Ideals

Proposition 4.2.1. Let R = k[z1,...,x,] and let I be a monomial ideal of R. Let m
be a monomial in R such that m & I. For each equivalence classm =m+1 € R/I,
m is the only monomaial in that class.

Proof. Let m; and my be monomials such that m; € I and m; # msy. Suppose
my+ 1 =my+ 1. Then (m; —my) +1 = 0+ I = I. By Proposition 2.1.5, this
implies that m; — ms € I. Since [ is a monomial ideal, it is also a graded ideal. By
Proposition 2.3.2, my € I and my € I, a contradiction. O
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Proposition 4.2.1 shows us that it is reasonable to abuse notation and write m €
R/I instead of @ when [ is a monomial ideal and m is a monomial. We will do this
throughout the remainder of this project. In particular, for all monomials m € R,
either m € I or m is the unique monomial in the equivalence class m +1 = m
and so we write m € R/I. Recall that Corollary 2.1.7 tells us that dimy (R;/I;) =
dimy(R;) — dimg([;). Since R; is the span of all monomials of total degree i and I;
is the span of all monomials of total degree ¢ in R; that are also in I, then it makes
sense to think of R;/I; as the span of all monomials of total degree i in R; that are
not in I;.

Lemma 4.2.2. Let [ = (x* | a € A) be a monomial ideal and let X be a monomial
in R = klxy,...,z,]. Then x% € I if and only if x” is divisible by x* for some
a €A

Proof. The proof of this is very straightforward and I refer the reader to [3, Chapter
2, §4, Lemma 2]. O

Note that x¥|x? if and only if there exists some v € N such that x*x7 = x*™7 =
x%. Thus x¥|x? if there exists some v € N such that a +~ = 3. Hence the set
{a +7v|~v € N"} is the set of all exponents of monomials divisible by x*. We
conclude that if x* € I, then x**7 € I for all v € N*. We have intuitively been
using this idea throughout this project, but now we can formally see why it is true.

Corollary 4.2.3. Let R = k[xy,...,x,]| and suppose I is a monomial ideal in R. If
xf € R/I and x*|xP, then x* € R/I as well.

Proof. Suppose x? € R/I and x*|x” but x* € I. By Lemma 4.2.2, there exists v €
N such that x*x” = x%. By the property of ideals, x* = x®x” € I, a contradiction.
Thus x* € R/I. O

The most important use of this corollary is that if we know that there exists a
non-zero element x? € R/I, we can write x° = xf ! x§2 -+-2Pand we can conclude
that x* = 2725?28 € R/I when «; < f3; for 1 <i < n.

Example 4.2.4. Let R = k[z,y, z]. Suppose that zyz = x'y'z! € I. Then by
Lemma 4.2.2, (zvyz)(2x%y°2°) = 2Tyttt € [ for all a,b, ¢ € N. Thus I contains
all monomials of the form x'y/z* for 7,5,k > 1.

Now suppose zyz = z'y'z! € R/I instead. Since xyz is a non-zero element, by

Corollary 4.2.3, z'y'2? = zy, 2'°2' = 22, 2%'2' = yz, 2220 = 2, 20920 = v,

2002t = 2, and 2%°2° = 1 are also in R/I. When we are investigating a monomial
ideal I, if x* € [ then we know that every monomial multiple of x“ is also in I.

Conversely, if x? € R/I, then we know that every monomial divisor of x” is also in

R/I. 0

We now consider the case where [ is generated by the set {x*() x*®  xom)}
where (i) = (0,...,0,¢e;,0,...) with e; € Nand 0 <1i < n.



4. HILBERT SEQUENCES OF MONOMIAL IDEALS 38

Lemma 4.2.5. Let R = k[z1,...,x,] and suppose that I = (z7', x5, ..., x&") where

n

e1,ea,...,e, € N. Then x® € R/I if and only if 3; < e; for all 1 <i <mn.

Proof. (=) Let x® € R/I, but suppose there exists some i € {1,...,n} such
that 3; > e;. Hence there exists some r € N such that 3, = e; + r. Then xf =

¢t = 252t By hypothesis, 25" € I and so by the property of ideals, we have

=

If x% = x(82Bim1.0.i180) 01 then since 2 € I, we conclude that x° € T as
well, a contradiction. Thus there exists no such i € {1,...,n} such that §; > e;.
Henceﬁz<ezfor0<i<n

(<) Let x° = 22> ... 2P with 3; < e; for 1 < i < n. Thus x? is not divisible by

any monomial in ] and so by Lemma 4.2.2, we have x” ¢ I. Therefore, x? € R/I. O

Notice that this lemma tells us that 3; < e; —1 for 1 < ¢ < n and so the monomial

in R/I with the largest possible total degree is z{'~ 195;2 Loogen=t,
Corollary 4.2.6. Let R = k[zy,...,x,] and suppose that I = (x7', 252, ..., x)

with ey, e, ...,e, € N. Ifx? € R/I then 18] < (Z] L€5) —n.

Proof. If x° € R/I, then by Lemma 4.2.5 we have 3; < e; which implies that
Bi <e; —1for 1 <i<n.Then

Bl =B+ Bt + B < (er =1+ (= 1)+ +(ea—1) = () e) —n.

j=1
U

Example 4.2.7. Let R = k[z,vy, z]. Suppose that I = (22,93 2%). To figure out
which monomials are in R/I, we begin by finding x* € R/I of maximum possible
total degree. By Lemma 4.2.5 and Corollary 426, |0 =(2+3+4)—3 =6 and so
xP = 22 N3 71471 = 2ly?23 = 29223, Notice that the set of all monomials in R of

total degree 7 is

7,7 0,6, .52 .43 .34 25 .6 6, .52 4.3 3.4 ,2.5
{x 7y 72 7xy7xy 7xy 7xy 7xy 7'Ty 7$Z7x2 7x2 7x2 73:27
225 42, y522,y4z3,y324,y225,y26 2By, x4y22 x4y22 w3y3z, 13y,

2,3.2 ,2,2.3 2 3.3 4

2y atyte, a?yP22 Py dtyt aytr, ayt S wyt R ay ry2°}

and it is not difficult to check that every monomial in this set is also in /. Thus x”
does indeed have the maximum possible total degree in R/I.

Now by Corollary 4.2.3, we have x%°z¢ € R/I for 0 <a<1,0<b<2and
0 < ¢ < 3. Therefore the monomials in R/I are

2 .2 3 2 2 2 2
{anyazay VB XY, X2, Yz, 2, XY, X5, Y 2, Y2, XY R,

3 2.2 3 2 2 2.3 3 2.2 2.3
Tz Yy 27 ,Yyz , 2y 2, Yz, Yy 2, Yz, rYy 2, Y 2 }
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Also, all monomials of the form z%y’2¢ are in I for a > 2, b > 3, or ¢ > 4. Note
that these are the remaining monomials in x,y, z that are not listed immediately
above. O

We now list several lemmas and theorems that characterize the structure of mono-
mial ideals in k[z1,...,z,]. All proofs can be found in [3].

Lemma 4.2.8. Let I be a monomial ideal in R = k[x1,...,x,] and let f € R. Then
the following are equivalent:

1. fel.
2. Every monomial of f lies in I.
3. f is a k-linear combination of the monomaials in I.

This lemma tells us that a polynomial f is contained in a monomial ideal if and
only if every monomial of f is contained in the ideal. For example, if R = Z|x, y, 2]
and I = (22, 23, ytz, 2yz2), then f = 327 + Toydz + 2tz + 29?22 € I since 27 =
(22)(2%), 2y’z = (zy°)(2) = (zy2)(¥?), y'z = (y"2)(1), and 2y°2* = (2yz)(y2).

Theorem 4.2.9. (Dickson’s Lemma) Every monomial ideal in k[z1, ..., x,] is gen-
erated by a finite number of monomials.

This theorem is very important and not intuitively obvious. We saw in Sec-
tion 2.4 and Example 2.4.2 that two different generating sets could generate the
same ideal but one ideal contained a redundant generator. The idea behind the
proof of Dickson’s Lemma is an inductive argument on the number of variables
that proves that in any monomial ideal I generated by an infinite set of monomi-
als, we can eliminate redundant generators until we have a finite number of gen-
erators that generate the same ideal. These redundant monomials turn out to be
monomial multiples of other monomials in the ideal. For example, if R = k[z,y]
and [ = (22 2%y, 2%y?, 2%y3, 2?y?, 2%y°, .. .), we see that I can also be written as
I = (x?).

Theorem 4.2.10. (The Hilbert Basis Theorem) Let R = klz1, ..., x,]. Every ideal
in R has a finite generating set. That is, I = (fi, fa,..., fs) for some fi, fa,..., fs €
I.

The Hilbert Basis Theorem tells us that any ideal, monomial or otherwise, is
finitely generated. There are numerous proofs of this theorem as it is a very impor-
tant result in algebra. However, in the proof given in [3], much of the work is done
by Dickson’s Lemma. The fact that this theorem can be proved using monomial
ideals shows that these ideals play a very important role in the study of all ideals
in k[zy, ..., 2,
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4.3 Several Results in n-dimensions

In this section, we investigate some properties of Hilbert functions in R =
klx1,...,2,]. We then look at the Hilbert functions for several classes of monomial
ideals and use these results to form Hilbert sequences. We will also characterize
the ideals I for which the Hilbert sequence of R/I has a finite number of non-zero
entries.

The first observation we make is that in every Hilbert sequence Hg/1, once the
entry zero appears in the sequence, every entry that follows is zero.

Theorem 4.3.1. Let R = kl[z1,...,x,] and let I be a monomial ideal in R. If
H(R/I,i) =0 for somei € N, then H(R/I,j) =0 for all j > i.

Proof. Assume that H(R/I,i) = 0 for some ¢ € N. This means that all of the mono-
mials of total degree i are in I. Then x* € I whenever |a| = a1 + as + -+ + a,, = 1.
Now let x” be a monomial of total degree i + 1. Then x° = z{'25” ... 28" where
|3] =i+ 1. Let 3, be the first non-zero component of 3. Then x” = xﬁ’“ g =
xk(xf’“_lxgiﬁl Py = px? where x7 = xf’“_lngff ---azP Note that |y| =i and
so X7 € I. Therefore, x” = z;,x7 € I also. We conclude that all monomials of total
degree i 4+ 1 are in I and so H(R/I,i+ 1) = 0. By iterating this procedure, we see

that H(R/I,j) =0 for all j > i. 0O

Corollary 4.3.2. Let R = klxy,...,x,| and let I be a proper monomial ideal in R.
IfH(R/I,j) > 0 for some j € N, then H(R/I,i) > 0 for alli < j.

Proof. This corollary is the contrapositive of Theorem 4.3.1. O

Intuitively, Theorem 4.3.1 makes sense. For example, if all monomials of total
degree i are in I, that means that there are no monomials of total degree i in R/I
and so H(R/I,i) = 0. We have seen that to obtain all monomials of total degree
i+ j for j > 0, we simply multiply each monomial of total degree i by 7" x5* - - - 2"
where |a| = j. Thus every monomial of total degree i + j is a monomial multiple of
some monomial of total degree ¢, which by hypothesis, is an element of /. Hence there
are no monomials of total degree i + j in R/I for j > 0. Similarly, Corollary 4.3.2
makes sense in terms of Corollary 4.2.3 since if a monomial of total degree i is in
R/I, then every monomial that divides that monomial is also in R/1.

We now determine the Hilbert function for ideals generated by a single monomial.

Theorem 4.3.3. Let I = (x*) in R = klxy,...,x,]. Then

(HTI) for 0 <i < |of

H(R/I,Z) = {(Hnl) . (i7|a\+n*1) fori > ‘Oé|

i i—|of

Proof. Recall that H(R,i) = (""""). Clearly H(R/I,i) = (""""") for 0 < i < |q

7
since no monomial of total degree less than || can be in I. Let p = |a| 4+ r where
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r > 0. Suppose x? is a monomial of total degree p. Note that x® € I if and only if
x? = x*x7 for some x” € R. This implies that 3 = a + 7 for some v € N". Since
|| = p then we conclude that |y| = r. To calculate H(I, |a| + r), we only need
to figure out how many ways we can construct x7. This is the same as counting
the number of monomials of total degree r in n variables. By Proposition 2.2.6 this
number is ("*"7"). Therefore H(R/I, |a| + 1) = ('aHHn*l) — ("1). More explic-

e+ r
itly H(R/I,p) = (p+n71) _ (pf‘a|+n71)‘ -

P p—|a

Now that we can calculate the Hilbert functions of monomial ideals of this form,
we can use the functions to construct the Hilbert sequences for R/I. Thus we are able
to categorize all possible Hilbert sequences of ideals generated by a single monomial.

Example 4.3.4. Let R = k[, y] and suppose I = (z*y?). Using the methods from
Chapter 3, we can see that

Iy=5L=1,=13=1, = {0}.
Also, we have
I5 = span{z’y*},
Is = span{z"y®, 2%’}
I = span{z®y?, o'y’ 2%y},
Iy = span{z%y?, 253, 'yt 235},

and so forth with
zezyz

I; = span{x R VL L Tt

Thus
Ry /Iy = span{1},

Ry /I, = span{z, y},
Ry /1, & span{a? xy,y°},
R3/I3 = span{:l:3, z?y, xy?, y3}7
Ry/14 = span{z*, 2y, 2°y*, 2y*, y*},
Rs/I5 = span{z® 2*y, 2%y* xy*, y°},
Re/Is = span{z® 2°y, 2*y*, 2°, y°},
Ry /I; = span{z”, 25, x%° 2% 4"},
Rg/Ig = span{z®, 2"y, 2%° 2", 45},
and so forth with

R;/I; = span{z’, 2" 'y, 2%y %, xy' ', y'}.
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We see that
H(R/I,0) =1,
H(R/I,1) =2,
H(R/I,2) = 3,
H(R/I,3) = 4,
H(R/I,4) =5,
H(R/I,5) =5,
H(R/I,6) =5,
H(R/I,7) =5,
H(R/I,8) =5

and so forth with

H(R/I,4+1)=5

for r > 0. Then Hrx = (1,2,3,4,5,5,5,5, ..

).

42

Now let us use Theorem 4.3.3 to compute this example. In this case, we have
I = (z*y?) = (xB?) and |a| = 3+2 = 5. When calculating H(R/I,i) for 0 < i < 5,

the first case of Theorem 4.3.3 tells us that

0+

H(R/1,0) = (

HR/T.1) = <1+2—1

)
R/ 2) — <2+2—1>
)
)

H(R/I,3) =

and finally
H(R/I,4)

For all 4 > 5, the second case of Theorem 4.3.3 tells us that we have

54+2-1\  (i+1
i—5 S\ g

M(R/L{) = (Hi_l) - <¢—

2—
0

<3+2—1

(4+2 1

= (i+1)— (i —4) = 5.

)-()-
(-
:

<

:

):
)

)=

)~

1 —4
1— 95

)

Hence Hrn = (1,2,3,4,5,5,5,5,...) which agrees with the result we obtained

above.

O
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Example 4.3.5. Let R = k[z,y, 2] and suppose I = (z). Intuitively, R/I is the
span over k of all monomials in x,y, 2 of the form x%y°2° = 2%y®. Then R/I is the
span of all monomials in z,y over k which is simply k[z,y], so we would expect
Hep = (1,2,3,4,5,6,7,8,...), but let us use Theorem 4.3.3 to check this.
Since I = (z) = (x(®0D), we have |a| = 0+0+1 = 1. Thus H(R/1,0) = (**{7) = (}) = 1.
Now for all 7 > 1, we have

o= (1) (1) (7))

(1+2)(i+1) _ (1 +1)(4)

2 2
1 2) — 4+ 1)(2
_ )i —i) G+ _,
2 2
Therefore, Hrx = (1,2,3,4,5,6,7,8,...) as we anticipated. O

The surprising consequence of Theorem 4.3.3 is that when I is generated by a
single monomial, the Hilbert sequence of R/I will be the same no matter which
monomial of a given total degree we choose to generate I. This is because H(R/I,1)
is solely determined by i, the number of variables in k[zi,...,z,]|, and the to-
tal degree of the generator of I. For example, Hg,x2) = Hr/xy) = Hr/y2) =
(1,2,2,2,2,2,...).

Now we will determine which Hilbert sequences will have a finite number of non-
zero entries. We begin by making a few definitions about this particular kind of
sequence.

Definition. Let A = @,>0A,, be a finitely generated standard graded k-algebra.
Then Ha is finite if there exists some i € N such that H(A,j) = 0 for all
j > i. By Theorem 4.3.1, it is sufficient to find a single ¢ for which H(A,7) = 0.
If Ha is finite and H(A,i) = 0 where ¢ is the least such integer, we write
Ha = (H(A,0),H(A,1),H(A,3),..., H(A,i — 1)) and define the length of Ha to
be the number of (non-zero) entries in Ha. In this case, the length of Ha isi. A

Example 4.3.6. When R = k[z,y] and I = (23, 2%y3, y%), we saw in Example 3.1.3
that Hrr = (1,2,3,3,3,2,1,0,0,0...) and so Hgyr is finite. We write Hr/p =
(1,2,3,3,3,2,1) and so Hr/1 has length 7. O

Example 4.3.7. Let R = klz,y,2] and I = (2?93 2%). It follows from Exam-
ple 4.2.7 that Hg,1 = (1,3,5,6,5,3,1) and has length 7. O

We will next consider ideals in k[zy,...,x,] generated only by monomials of the
form 27" for 0 < ¢ < n as in Example 4.3.7. Ideals of this type have very interesting
Hilbert sequences. We have already worked with this type of ideal in Lemma 4.2.5
and Corollary 4.2.6.

Lemma 4.3.8. Let R = k[xq,...,x,] and let I = (x{',25?,...,25") where e; €
N — {0} for 1 <i <n. Then Hgr,1 has length (Z?:l e;) —n+ 1.
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Proof. It will be sufficient to show that H((R/I, (Z?Zl e;) — n) > 0 and that
H(R/L (Sjoyes) —n+1) =0.

Let x* = 91221 ... z%~1 Note that |a| = (Z?Zl e;) —n. By Lemma 4.2.5,
x* € R/I. Hence H(R/[, (>0 €)) —n) >1>0.

j=1
Now let x? be a monomial of total degree (Z?Zl ej) —n+1. By the contrapositive
of Corollary 4.2.6, then x? & R/I. Hence there exists no monomial of total degree

(Sjves) —n+ Lin R/Tandso H(R/T, (S ej) —n+1) =0, O

Example 4.3.9. Let R = k[z,y, 2] and I = (2%,y3, 2z*). In Example 4.3.7, we saw
that Hgr 1 had length 7. According to Lemma 4.3.8, Hg,1 has length (2 + 3 +4) —
34 1 =7 which agrees with our previous answer. O

Note that the sequence in Example 4.3.7 is symmetric. In fact, whenever
I'=(xz7",...,2%"), then the Hilbert sequence Hg 1 is symmetric in the non-zero
entries.

Theorem 4.3.10. Let R = k[, ...,x,) and let I = (2", 5%, ..., x5") where e, €

n

N —{0} for1 <m <n. ThenH(R/I,i)zH(R/I,(Z” ej)—n—i) for 0 <i<

j=1
2?: ej)—n
(Ee)ory
Proof. Let x” =2 '23 ™" .2~ and so |y| = (Z?Zl e;) —n. By Lemma 4.2.5,
then x” € R/I and by Corollary 4.2.6, then x” has the maximum total degree that

7(2;;12@)—”}7 define the

any monomial in R/I can have. For a fixed i € {0,...,|
sets
A, ={x* |x* € R/I and |a| =i},

and
n

B ={x"|x? € R/I and |B| = (Zej) —n—i}

j=1
Define the following map ¢: A; — B; by
P(x") = <
We want to show that ¢ is a bijection so we can prove that |A;| = |B;|. First,
we must show that ¢ is well-defined. Thus we have to show that )’:—Z € B; for all

x* € A;. Note that since x7,x* € R/I and x” has the maximum total degree
possible in R/I, then e,, — 1 > «a,, for 1 < m < n. Therefore, ;‘—l is actually equal
to the monomial x?"~¢. Thus x7"*x“ = x7 which implies that x7~* divides x". By

Corollary 4.2.3, then x?~® € R/I. Also, we have that the total degree of x7~* is
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|v| — || = (Z?:l ej) —n —i and so we conclude that x7™* € B; for all x* € A4;.

Thus ¢ is well-defined.
Now we will show that ¢ is injective. Suppose x*, x° € A; with ¢(x®) = ¢(x?).

8 6oL . L
ence X = X5 implies x'x* = x"x° and so x* = x°. Thus ¢ is injective.
Hence %5 = %5 lies that x7x* 7x% and so x°® 9 Thus ¢ is inject

To complete the proof, we only need to show that ¢ is surjective. We know that
since x” has the largest possible degree in R/I, then for all x° € R/I, we have x°|x"
and x77° € R/I. Thus if 2° € B;, then x?™% € R/I and x7~” has total degree

= 8= =181 = (e~ n) - ((e) ~ ).

J= J=
If we let a = v — 3, then it follows that x* € A;. Thus

x7 x7
« = -_— p— [8
¢(X ) - X x7—B X",

We conclude that ¢ is surjective.
Thus ¢ is bijective, and so |A;| = |B;|. This means that every monomial of total
degree i in R/I corresponds to exactly one monomial of total degree (Z?Zl ej) —

n — i in R/I. Therefore, H(R/I,i) = H(R/I, (X0 1ej) —n— z) for 0 < i <

j=1

LMJ O

Example 4.3.11. As in Example 4.2.7, let R = k[x,y, 2] and I = (22,93, 2*). We
saw in Example 4.3.7 that Hr; = (1,3,5,6,5,3,1). Theorem 4.3.10 tells us that
H(R/I,i) = H(R/I,(2+3+4) —3—1i) = H(R/I,6 —1) for 0 < i < [@FU3 )
3. Thus

H(R/1,0) = H(R/1,6)

H(R/1,1) = H(R/I,5),

H(R/T,2) = H(R/1,4),
and

H(R/I,3) =H(R/I,3).
Note that this agrees with the sequence above. O
Example 4.3.12. Now let R = k[z,y, 2] and I = (22,3, 23). We can figure out

which monomials are in R/I from the set given in Example 4.2.7 by removing all
monomials in R/(z? y3, 2*) that include z3. Hence the monomials in R/I are

2 .2 2 2 2 2 2.2 2 2 2.2
{anyazay 12 XY, X2, Y2, XY, X2 Y 2, Yz, XYz, Y 2, Y, XYL, Y & }

It follows that Hrx = (1,3,5,5,3,1). Now by using Theorem 4.3.10, we have
H(R/I,i) = H(R/I,(2+3+3) =3 —1i) = H(R/I,5 1) for 0 < i < @3 _
2. Thus

H(R/I,0) =H(R/I,5),
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H(R/I,1) =H(R/I,4),

and

H(R/I,2) = H(R/I,3).
as we saw in the above sequence. O

Theorem 4.3.10 shows us that in order to find Hg 1 for ideals of the type given in
Theorem 4.3.10, we only need to compute the number of monomials in R/I of total

(Z?:1 ej)_”J )

degree less than or equal to | 5

Theorem 4.3.13. Let R = k[xy,...,x,| and suppose I is a monomial ideal. Then
Hw1 is finite if and only if for each 0 < i < n, there exists e; € N with x* € I.

Proof. (=) Suppose that Hg is finite. By definition, this means that H(R/I,m) =
0 for some m € N and so if x? has total degree m, then x? € I. In particular,
AN R < B

(<) Now suppose that x{*, z5%,..., 25" € I for some ey, eq, ..., e, € N. By Corol-
lary 4.2.6, if x° € R/I, then |3] < (Z?Zl e;) —n. By the contrapositive of the same
corollary, if x% is any monomial of total degree strictly greater than (Z? 1 ej) —n,

then x° € I. Then H(R/I, (>0 e) —n+ 1) = 0 and so Hg/ is finite. O

J=1

It is worth noting that in Theorem 4.3.13, H(R/I, m) may equal 0 for some
m < (Z?Zl e;) —n+ 1, but at the very least, H(R/I, (X0 e) —n+ 1) =0.

j=1

We have seen illustrations of Theorem 4.3.13 throughout this project. The idea
behind the proof is that if I does not contain a monomial of the form z;* for some
1 <i<mnande €N, then 7 € R/I for all r € N. Hence H(R/I,p) > 1 for all

p € N which shows that the sequence Hg ;1 is infinite.

Example 4.3.14. Let R = k[z,y] and I = (2%, 2%y, 2%, 4®). Since, 2*,y3 € I,
Theorem 4.3.13 tells us that Hg,1 should be finite. It is not difficult to show that
7_(R/I = (17 2,3, 2)

Now let I' = (x% 23y, zy?). Theorem 4.3.13 now tells us that since y* & I’
for all i« > 0, then Hgr/r should be infinite. We can also easily show that
Heyv =(1,2,3,3,1,1,1,...), which is indeed infinite. O

4.4 The 1-dimensional Case

In this section, we will only consider the polynomial ring R = k[x]. We will determine
all possible sequences Hg 1 of monomial ideals in R. Also, given any sequence for
Hr,1, we will be able to construct a monomial ideal with the desired sequence.

Theorem 4.4.1. Suppose that R = k|x].
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1. If I is a monomial ideal in R, then Hgn = (1,1,1,...,1) for some n € N.
—_——

n-times

2. Ifm € N, then there is some monomial ideal I' in R such that Hgx = (1,1,1,...

m-times

In particular, if I' = (™) then we obtain the desired sequence for Hg 1.

Proof. Recall that by Proposition 2.2.6, H(R,:) = (1+§_1) = (Z) =1foralli>0
and so Hr = (1,1,1,1,1,...). This makes sense as we saw in Example 2.2.2 that
R; = span{z'} for all i > 0, and so dimy(R;) = 1. Thus either H(R/I,i) = 0 or
H(R/I,i) =1 for all i € N.

If H(R/I,j) = 0 for the least such j € N, then Theorem 4.3.1 states that
H(R/I,m) = 0 for all m > j. Since j is the least such positive integer with the
desired property, then H(R/I,j—1) # 0 and so H(R/I,j—1) = 1. By the repeated
use of Corollary 4.3.2, H(R/I,n) =1 for 0 <n < j.

Thus for any monomial ideal I in R, then Hg/1 is one of the following sequences:

(0)

(1)
(1,1)
(1,1,1)
(1,1,1,1)
(1,1,1,1,1)

(1,1,1,...,1).
—_——
n-times
Now we must find a monomial ideal in R that gives us each of these sequences

listed above. If we want Hg 1 = (0), then it must be that case that H(R/I,0) =0
and so H(/,0) = 1. Thus I must contain one monomial of total degree 0 and so if

I = (2°) = (1) = k[z], then Hgr,1 = (0). Similarly, if we want Hg,1 = (1,1,1,...,1),
—_——
m-times
then H(R/I,m) = 0 and so H(I,m) = 1. Thus / must contain one monomial of
total degree m and so if I = (2™), then Hgr; = (1,1,1,...,1). Note that both of
~— ——
m-times
these cases follow from Lemma 4.3.8. Therefore, each sequence (1,1,1,...,1) can be
—_——

m-times
obtained by computing Hg,r where I is the monomial ideal (z™).

Note that there is one other case that we did not address above. This is the case
where Hgr/1 = (1,1,1,1,...). However, this implies that R/I = R and so I = {0}.
Since 0 is not a monomial, I is not a monomial ideal and so we dismiss this case. [

1),
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Example 4.4.2. Let I = (2%). Then [y = I} = I, = {0} and [; = span{z'} for
all © > 3. Thus Hy = (0,0,0,1,1,1,1,...) and so Hgrr = (1,1,1). This agrees with
Theorem 4.4.1. O

Example 4.4.3. Let I = (2 27, 2'9). It is not difficult to see that Hy =
(0,0,0,1,1,1,1,...) and Hry1 = (1,1, 1) as we found in the last example. The reason
for this is that k[z] is a principal ideal domain which means that every ideal in k[z]
can be generated by a single element. Here we see that 27 = 2%(2?) and 2'° = 27(23)

so the generators z” and 2% are superfluous. Thus I = (23, 27, 21%) = (23). In fact,
it is true in general that if I = (z®, 2%, ... 2%) with a1 < as < -+ < a,, then
I = (2™) since each x% is simply a monomial multiple of 2% for 1 <i < n. O

It is interesting to note that while k[x] is a principal ideal domain, k[z, 3] is not.
For example, for I = (x? y?), there is no way that we can generate I with a single
element. If we were to generate I with a monomial in x alone, there would be no
way we would ever be able to generate the term 32 in I. Similarly, if we were to
generate I with a monomial in y alone, we could not generate the term z? in I. If we
were to generate [ with a monomial that included both z and y, we would not be
unable to generate either z2 or y* in I. In fact, k[xy,...,z,] fails to be a principal
ideal domain for each n > 1.

This concludes our discussion of Hilbert sequences of monomial ideals in k[z].

4.5 The 2-dimensional Case

In this section, we will be working only in R = k[x,y]. Our goal is to identify all
possible Hilbert sequences for R/I where I is a monomial ideal in R. We begin by
first investigating some properties of the Hilbert function in k[z,y]. Then, we will
discuss all possible finite Hilbert sequences Hg 1. Finally, we investigate the possible
infinite Hilbert sequences for R/I and will construct monomial ideals which have
these sequences.

Throughout this project, we have been computing many examples in k[z, y]. In all
of these examples of Hilbert sequences Hg 1, the sequences increase for a while, then
either decrease until they eventually become 0, decrease until they stay at one value
forever, or stay at the largest value of the increase. In addition, once the sequence
begins decreasing or staying at a fixed value, it never increases again. We will show
that this is true for all monomial ideals in k[z, y].

Recall that since I C R = k[z,y|, then H(R,i) = i + 1 for all i € N. Thus
H(I,i) <i+1and H(R/I,i) < i+ 1 because H(I,i)+H(R/I,i) = H(R,i) =i+ 1.

We begin by noting that whenever H(R/I,1) < i+1, we have that H(R/I,i+r) <
¢+ 1 for all » € N. This shows us that once the entries of Hgr,1 are less than the
maximum number possible, the remaining entries in the sequence will never be
greater than the value at which the sequence begins decreasing. We will now prove
this fact.
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Theorem 4.5.1. Let R = klz,y] and let I be any monomial ideal in R. If
H(R/1,i) <i for somei € N, then H(R/I,i+r) <1 for all r € N.

Proof. Suppose H(R/I,i) < i for some i € N. Then H(R,i) — H([,i) < i since
H(R/I1,j)="H(R,j) —H(I,j) for all 7 > 0. Since H(R,i) =i+ 1, we have

(t+1)—H(,i) <1,

and so
—H(I,i) <i—(i+1)=—1,

and finally
H(I,i) > 1.

This means that there exists at least one monomial of total degree i in I. Let 2%° be
one such monomial such that a + b = i where a,b € N. The monomials (z%°)(xzy?)
will be in [ for all ¢,d € N. Then the monomials in I of total degree i+ will include
the monomials (z%y®)(x¢y?) where ¢ +d = r and so H([,i+ 1) is at least as large as
the total number of monomials of this type. Since 2%y is fixed, then we only need
to figure out how many such z°y? there are for a given r. Note that this is simply
the number of monomials of total degree r and by Theorem 2.2.6, this number is
("271) = ("I") =r + 1. Therefore, H(I,i+7) >r+1 and so

H(R,i+7r)—H(R/I,i+7r)>r+1
Since H(R,i+ 1) = (i+r) + 1, then

(t+r+1)—HR/L,i+r)>r+1
which implies that

—H(R/L,i+r)>r+1—(i+r+1)=—1

and so finally H(R/I,i+ r) <4 for all r € N. O

Example 4.5.2. The sequence (1,2,3,4,4,4,4,...) does not violate Theorem 4.5.1
and so it could possibly be a Hilbert sequence. In fact, it follows from Theo-
rem 4.3.3 that this is the sequence for Hgr 1 where I is generated by any single
monomial of total degree 4. However, this theorem also shows us that the se-
quence (1,2,3,4,4,5,5,5,...) is not a Hilbert sequence. Note that the sequence
(1,2,3,4,4,3,3,2,4,4,...) does not violate the criteria given in the theorem above.
We will show in Theorem 4.5.5 that this is not a Hilbert sequence since the entries
begin decreasing but then increase again. Therefore, this theorem can only tell us if
a sequence is definitely not a Hilbert sequence. O
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To prove that once the entries in a Hilbert sequence starts decreasing or plateau-
ing, then they never increase again, we must first make some observations about
H(I,7) for i € N. We see from our previous examples that once H(7,4) > 0, then

H(I,i) <H,i+1) <H({,i+2) <H{,i+3) <---.

This means that once the entries in Hy are non-zero, the remaining entries are
strictly increasing. The reason why this result is true relies on the fact that for
every monomial m € I of total degree s, we can multiply that m by either x or y to
get two distinct monomials in I of total degree s + 1.

Theorem 4.5.3. Let R = k[z,y| and suppose that I is any monomial ideal in R. If
H(I,i) =n for somei >0 andn € N—{0}, then H(I,i+7r) > n+r for allr € N.

Proof. We will prove this by induction on n. Suppose that n = 1. This means that
there exists exactly one monomial m € I of total degree i. Then m = x%® where
a+ b =i. We know that all monomials of the form (z%)(z°y?) will be in I where
¢,d > 0. Thus, if we want to find the monomials of total degree i + r in I, we
know that there will be at least the monomials (z%y°)(z°y?) for all ¢ and d such that
c+d = r. Now to find H(I,i+r), we simply need to find how many such monomials
there are for a given r. Since z%® is fixed, we see that the number of monomials of
the form (2%y°)(z°y?) with ¢ + d = r is simply the number of monomials in z and
y with total degree r. By Theorem 2.2.6, there are (r+2_1) = (T:fl) = r+ 1 such
monomials. It is possible that there are other monomials in I that are added by
generators with total degree larger than ¢, and this could possibly make H (7,7 + )
larger. Therefore, H(I,i+r) > 1+ r and so the result holds.

Now assume that the result is true for n — 1. That is, if H(J,7) = n — 1 for any
monomial ideal J, then H(J,i+7r) > n—1+7r. Let I be a monomial ideal such that
H(I,i) = n. Let M = {my,ma,---,m,} be the set of distinct monomials of total
degree 7 in I, and by hypothesis, we see that |M| = n. Notice that each m; € M
takes the form m; = 2%y~ for some unique a; € N. Let a, be the maximum such
a;j and so m, = x®y"~% is the monomial in I of total degree i with the largest
possible exponent for x.

Now let I" = (M — {m,}). It follows that every monomial in I’ is also in I so
I C I. Since both I" and I are standard graded k-algebras, then I} C I, for all t € N.
In particular, I/, . C I;;, and so by Theorem 2.1.4, then dimy(I},,.) < dimy(f;4,).
This means that H(I',i+r) < H(I,i+ 7).

We now consider monomials of total degree i in I’. Because of the way that we
chose to construct I’, then there are n — 1 such monomials and so H(!’,i) =n — 1.
We can utilize our hypothesis and we find that H(I’,i +r) > n — 1 + r. Also,
note that all monomials of total degree 7 in I’ are also in I and they take the form
¢y =t where 1 < e < a,. Otherwise, z7y"~* would not have the largest
possible exponent for x in I. Now, the monomial of total degree i + r with the
largest possible exponent for x in I’ is 2" (z%~¢y'~%%¢) where ¢ is the least such
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e € {1,...,a,} such that x%~¢y'~**¢ € ['. However, the monomial of total degree
i+ r with the largest possible exponent for x in I is 2"(z%y"~). Note that this
monomial cannot be in I’ and so there is at least one monomial in / that is not
in I'. Therefore, H(I,i+r) > H(I';i+r)+1>(n—14+r)+1=n+rforallre
N. O

Example 4.5.4. Suppose that 2° and 2%y are the only monomials of total degree
5 in I. Then clearly H(I,5) = 2. It is easy to see that the monomials z(z°) = x5,
y(2%) = z(2'y) = 2%y, and y(zty) = 2*y? are all monomials of total degree 6 in I.
However, it is possible that there are monomials in I other than the ones listed
above. We know at the very least that H(/,6) > 3 = 2+ 1. Similarly, we can show
that the monomials in I of total degree 5 + r with » € N contain the set

{$5+r,$4+T 34r 2’ 24r 1+r, 4

3 r,5 r—1, 6 5 r 4, r+1
y,r Yy, y,r yYy,ry,r Y,...,rY,TY }7

and there are 2 + r such monomials. Thus H(I,5 + r) > 2 + r. This agrees with
Theorem 4.5.3 which tells us that since H(I,5) > 2, then H(I,5+ 1) > 2+ r for all
r € N. O

Note that Theorem 4.5.3 also shows us that Hj is an infinite sequence unless
Hy = (0) in which case I = {0}. We are now ready to show that once the entries in
Hr,1 begin decreasing, they never increase again.

Theorem 4.5.5. Let R = klz,y] and let I be any monomial ideal in R. If
H(R/1,i) =m <i+1, then Hgryt for all v € N.

Proof. Let H(R/I,i) = m. Since H(R,i)—H(I,i) = H(R/I,i) and H(R,i) = i+1,
then letting H(I,i) = n, we have n +m = i+ 1. Since m < i+ 1, it follows that
n > 0. By Theorem 4.5.3, this implies that H(I,i 4+ r) > n + r for all » € N. Thus
H(R,i+7r)—H(R/L,i+7r)>n+r,
and since H(R,i+7r) =1i+7r+1,
(t+r+1)—HR/I,i+r)>n+r,
which implies that
—H(R/L,i+r)>n+r)—(i+r+1)=n—i—1,
and so finally we find that
H(R/I,i+r)<—-n+i+l=-n+(n+m)=m

for all » € N, as was desired. O
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Corollary 4.5.6. Let R = k[z,y] and suppose that I is a monomial ideal in R. If
H(R/1,i) < i+ 1 for somei € N, then the sequence Hg 1 never increases beyond
the (i + 1)-th entry.

Proof. This corollary is simply the repeated application of Theorem 4.5.5. U
Corollary 4.5.7. Any sequence that cannot be written as (1,2,3,...,n,n1, N9, N3, Ny, . . .
with n,ny,no, N3, Ny, ... € Nandn > ny > nyg > ng > nyg > --- is not a Hilbert

sequence Hg 1 for any monomial ideal I in R = k[x,y].

Proof. This corollary relies on a single observation. Note that Theorem 4.5.5 tells
us that once we have any case in which

H(R/I,i) =ny <i+1,
then
for any j > i. However, now if H(R/I, j) = na, we see that

Using Theorem 4.5.5 again, we have
H(R/I,m) < ny

for any m > j. Repeating this idea, we see that the corollary follows directly from
Theorem 4.5.5. ]

Example 4.5.8. We now see that the sequence (1,2,3,4,4,3,3,2,4,4,...) given
in Example 4.5.2 is a not a Hilbert sequence. If the sequence were a Hilbert se-
quence, then since H(R/I,5) = 3 and 3 < 5+ 1 = 6, Theorem 4.5.5 states that
H(I,5+r) <3 for all r € N. However, in the sequence we have H(I,8) = 4, a con-
tradiction. We conclude that (1,2,3,4,4,3,3,2,4,4,...) is not a Hilbert sequence.
Similarly, we see that for A = (1,2,3,3,3,4,5,6,7,...), B=(1,2,3,4,4,5,4,3,2,1),
and C' = (1,2,3,4,5,5,5,6,6,6,7,7,7,8,8,8,...) there does not exist a monomial
ideal I in R = k[z,y] such that Hg is A, B, or C. Thus A, B, and C are not
Hilbert sequences. O

The most important use of Corollary 4.5.7 is that it tells us that any finite sequence
of the form

1,2,3,...m,...omn—1,...on—1,...,4,...,4,3,...,3,2,...,2.1,...,1
( —_—— ~ ~ W—/W—/W—/H/—)

k., times kn_1 times k4 times k3 times ko times ki times

where k, > 0 and k; > 0 for 1 < i < n — 1, is consistent with the criteria given in
Theorem 4.5.1 and Theorem 4.5.5. Thus, we conclude that the sequence is possibly
a Hilbert sequence Hg /1 for some monomial ideal I, if we can find the proper I.



4. HILBERT SEQUENCES OF MONOMIAL IDEALS 53
Similarly, any infinite sequence of the form
(1,2,3,...,n,n,m,...)

(1,2,3,...,n,....,n,n—1,n—1n—1,...)
——

k, times
(1,2,3,...,n,....,n,n—1,....n—1,n—2n—2n—2...)
—— ~ ”
kyn times kn—1 times

(1,2,3,...,n,...,n,mn—1,....n—1,...,4,...,4,3,...,3,2,...,2,1,1,1,...)
—_—— ~ - —_—— —— ——
k., times kn_1 times k4 times k3 times ko times
with £, > 0 and k; > 0 for 2 < i < n — 1, is possibly a Hilbert sequence Hg/1, if
such an ideal I exists.
We now investigate finite sequences of the form

1,2,3,...on,...onon—1,...on—1,...4,...,43,...,3,2,...,2,1,...,1)
( \ /' \_ > hdh~‘~

~
k., times kn_1 times k4 times k3 times ko times ki times

where k, > 0 and k; > 0 for 1 < ¢ < n — 1. Note that after the first n entries,
each entry that follows is less than or equal to the entry immediately proceeding it.
We will show that given a fixed length i = (n — 1) + 37", k;, then there are 2~
different sequences of length ¢ of the form

1,23, ..n,...mmn—1,...on—1,....4,...,43,...,32...,2,1,...,1
( % 3 AN £3..,32...2L.. 1)

kyn times kn—_1 times k4 times k3 times ko times  k; times

where ki, ks, ..., k, € N.

Theorem 4.5.9. Let S; be the set of all sequences of the form (1,2,3,...,n,n1,n2, ..., Ni_y)
wheren >ny >ng > -+ >n;_p, >0 and 1 <n <i. Then |S;| =271,

Proof. Note that the sequence (1,2,3,...,n,ny,n9,...,n,_,) has length i and for
a given n, the first n entries of this sequence are fixed. However, to construct the

last @ — n entries of this sequence, let A = {ay,as,...,a;,_,} be a multiset where
1<a; <nforl<j<i—mn. Wecan reorder the elements of A in decreasing order
and relabel these ny,no, ..., n;_, where n > ny; >ng > --- > n;_,,. Thus for a given

n, the number of sequences of length i is simply the number of possible multisets A.
In combinatorial terms, this is the number of distributions of ¢« — n identical objects
to n distinct recipients which is

() )
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(see [2, Theorem 2.3] for example).
Also, since 7 is fixed and 1 < n < i, we have

y -1 . . . : :
1—1 1—1 1—1 1—1 1—1 1—1
s1=2 () =S () = (0) (1) () 0+ (50)

Using results from combinatorics once again, we know that (Zgl) is the number of
j-element subsets of an (7 — 1)-element set (see [2, Theorem 3.2]). Hence the above

sum is the total number of subsets of an (i — 1)-element set, which equals 21 (see
2, Theorem 3.1]). We conclude that |S;| = 2. O

Notice that if a finite sequence cannot be written in the form (1,2,3,...,n,ny,no, ..

then by Theorem 4.5.5, the sequence is not a Hilbert sequence for any monomial
ideal I in k[z,y].

Example 4.5.10. We will find all sequences of length 4 that have the form
(1,2,3,...,m,n1, N9, ..., Ny_y)

withn>n, >ny>--->ny_,, and 1 <n <4.

) nifn)a

If n = 1, then all such sequences have the form (1, n1, ns, ng) where 1 > ny > ny > nz > 0.

It must be the case that n; = ny = ng = 1 and so the only sequence we find is
(1,1,1,1).

If n = 2, then all sequences have the form (1,2, ny,ny) where 2 > ny > ny > 0. If
ny = 2, then either ny = 2 or ny = 1, and so we obtain the sequences (1,2,2,2) and
(1,2,2,1). If ny = 1, then ny = 1 and so we get the sequence (1,2,1,1).

If n = 3, we obtain all sequences of the form (1,2,3,ny) where 3 > n; > 0. Thus
ny =1, n; =2, or n; = 3 and so we obtain the sequences (1,2, 3,3), (1,2,3,2), and
(1,2,3,1).

Finally, if n = 4, then we have the sequence (1,2, 3,4). Therefore,

54 - {(]‘7 17 ]'7 1)7 (]‘727 27 2)7 (]"27 2’ ]')’ (1727 ]'7 1)’ (1’27373)’ (]"2737 2)7 (]"2’ 37 1)7 (]‘727 374)}

and we see that there are 8 such sequences in this set. This is consistent with
Theorem 4.5.9 which states that |S| = 2471 =23 = 8.
As it turns out, it is not difficult to show that

Hryyaay) = (1,1,1,1),

He)ixyyrx) = (1,2,2,2),

Hr/ixyysx) = (1,2,2,1),

He/ixyy2x) = (1,2,1,1),
HR/<x2y7xy3,y47x4>) = (1,2,3,3),
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Hr 2y xy2ytxt) = (1,2,3,2),
Hr/ix2y,xy?.y% x4) = (1,2,3,1),
and
HR ) (x3y x2y2 xy3,y4 x4)) = (1,2,3,4).
This shows us that all sequences in S; are indeed Hilbert sequences of monomial

ideals. O

Since Theorems 4.5.12 and 4.5.14 are difficult to read through, I will first make a
comment that I hope will help the reader to understand some of the details of their
proofs.

If we consider the sequence

S=(1,2,3,...,n,....onyn—1,...on—1,...,4,...,43,...,3,2,....2.1,...,1),
( —_—— ~ E/—/W—/W—/W—)

~
kn times kn—1 times k4 times ks times ko times ki times

for some fixed n, k, € N— {0} and kq, ko, ..., k,_1 € N, we see that the length of S
isn—1+>"  kj. Thus we can write

S = (60, €1,€9,... €n72+2?:1 kj)‘

Clearly, ¢, = i+ 1 for 0 < 7 < n — 2. Also note that the entries in the sequence
én—1 through e, 5., are n. Similarly, the entries e, 4y, through e,_o %, ., , are
n—1 and the entries e,,_11, 1k, , through e, ok, 1%, ,+k,_, are n—2. Repeating this
procedure, we find that the entries €147 k; through €n—2+3", k; A€ 4, the entries
Cn—14%" k; through €n—24+57 4k, A€ 3, the entries en—14+7_, k; through Cn—2+%" 4 k;
are 2, and finally the entries Cn—145"_y k; through €n-2+3"_ k; A€ 1. Thinking about
S in this manner will help us to locate at which entries our sequence is obtaining a
given value. In Theorem 4.5.14, we will actually show that there exists a monomial
ideal I in R = k[x,y] such that Hg,x = S and so it is important to keep in mind
which value an entry e; = H(R/1,1) is.

Example 4.5.11. To give some clarity to the ideas just described, suppose we are
trying to construct a sequence S of the form outlined above where n = 4, k, = 3,
ks =2, ke =4, and k; = 1. Thus S = (1,2,3,4,4,4,3,3,2,2,2,2,1), but let us now
construct the sequence one entry at a time. Using the ideas outlined above, we see
that S has length 4 —1+4(3+2+441) = 13 so we can write S as (eq, €1, . .., €12). The
statement above also tells us that e; =i+ 1 for 0 <7 <2, andso ey =1, e; = 2, and
es = 3. We also have that the entries in the sequence e4_; = e3 through e; 5,3 = e5
are 4, the entries e;_1,3 = eg through e4_5.3.9 = e; are 3, the entries e; 1,312 = es
through es 9131914 = ey are 2, and finally the entries ey 1431214 = €12 through
€4-9431914+1 = €12 are 1. Therefore,

S - (60761762763764765766767768769761076117612)
=(1,2,3,4,4,4,3,3,2,2,2,2,1)

as we had desired. O
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We can also use this method to figure out which entries are at a given value in an
infinite sequence of the form

S'=(1,2,3,....,n,...,n,n—1,....n—1,....n—i+1,....,.n—i+ 1,n—i,n—i,...),
N s . ~~ > N ~~ o
kn times kn—1 times kp—it1 times

for any n, k, € N— {0}, 0 <i <n, and ki, ko, ..., k,—1 € N. We proceed as we did

previously until we come to the entry e+, ik which we see isn —i+ 1. We
know that every entry that comes after this entry is also n—i+1, and so e; = n—i+1
forall j >n—1+ Z?:n_iﬂ k;.

We are now ready to show that for every such sequence S’ with k, € N — {0}
and ki, ks, ... kn_is1 € N, there exists a monomial ideal I in R = k[x,y] such that
Hry1 = S'. Once we prove this fact, the proof of Theorem 4.5.14 become much
easier.

Theorem 4.5.12. Let R = k[x,y] and fixn, k, € N—{0} and k,_i11, kn—is2, ..., kn_1 € N.
For each 0 <1 <n—1, let

- - - Sl kg
I(z) _ <xn 1y’xn 2y1+kn’xn 3y2+k"+kn_l,...,£[n 1 Zyl+zj:n—z+lkj>'

Then

Hrp, = (1,2,3,...,n,mn—1,...,n—1,...on—i+1,....n—i+1,n—in—i,...).
N A . ~~ > N ~~ >
kn times kn_1 times kn—i+1 times

n—1

Proof. We will prove this by induction on i. Notice that if i = 0, then I(gy = (2" 'y).
By Theorem 4.3.3, we have H(R/I(o), z) =i+1for0<i<nand H(R/I(o),j) =n
for all j > n. Therefore, Hr /1, = (1,2,3,...,n,m,7n,...) and so the result holds.

Since the case where ¢ = 0 gives us no new information, we will prove that the
result holds when ¢ = 1 to get a better idea of what is going on. If + = 1, then
Iy = (2" 'y, 2" 2y'**n) where k, > 1. Since the total degree of the monomial
2" 2yt s (n — 2) 4+ (1 + k,) = n+ k, — 1, it follows that there are no monomials
in I1y of total degree less than n. Hence H(R/I1y,i) =i+ 1for 0 <i<n—1.

We first consider the monomials of total degree j in /(1) where n < j <n+k, —1.
Since the total degree of 2" 2y!**» is n + k, — 1, then the set of monomials of total
degree j in I(y) is

{@" ) (ay") [a+b=j—n}.

Notice that the number of distinct monomials in this set is simply the number of
monomials in x and y of total degree j — n. By Theorem 2.2.6, there are j —n + 1
such monomials. Therefore, H([(l),j) =j—n+1andso

H(R/Iwy,j) = H(R,j) —H(In),j) =G+ —(G-—n+1)=n

whenn <j<n+k,—1.



4. HILBERT SEQUENCES OF MONOMIAL IDEALS o7

Next, we consider the monomials of total degree r where r > n + k, — 1. For a
fixed r, we define

Ar=A{(@" ") (@"") |a+b=r—n}

to be the set of distinct monomials in ;) of total degree r generated by the monomial
~1ly, and
B, _{( n—2 1+kn)(xc d) ’ C+d:7"—n—kn+1}
to be the set of distinct monomials in Iy of total degree r generated by the monomial
"2y tkn Tt follows that the monormals in 11y of total degree r is the set A, U B,.

By a well-known fact from set theory, we conclude that
H(R/I(l),r) = |A, UB,| = |A:| +|B:| — |4 N B,|.

It is not difficult to see that |[A,] =r—n+1and |B,|=(r—n—Fk,+1)+1 =
r—n—=k,+2.
Now we only need to investigate which monomials are in A, N B,. Notice that if
c > 1, then
(@" 2yt 2y ) = (@) (@ Py ) () =

c—1 d+kn)'

Y ) = @)y

(" 7y Y

e=lyd+kn has total degree

Since x
(c=1)+(d+ky)=(kn—1)+(c+d)=(ky—1)+(r—mn—Fk,+1)=r—n,
then it follows that (z" 2y'*k»)(z°y?) € A, whenever ¢ > 1. Hence
A, N B, = {(a" 2y (2yY) | c+d =71 —n—k, +1and ¢ > 1}.

This means that the only monomial in B, that is not in A, is the monomial
"2y 2 and so |A,NB|=(r—-n—k,+2)—1=r—n—Fk,+ 1

Therefore, H(I1y,7) = (r—n+1)+(r—n—k,+2)—(r—n—k,+1) =r—n+2.
We conclude that

H(R/1),r) =H(R,7) = H(Ioy,r) = (r+1) = (r—n+2)=n—1
forall r >n—+k, — 1, and so
Hrpy, = (1,2,3,...,n,...,n,n—=1,n—1n—1,...).
H/—/

k., times

This shows that the result holds when ¢ = 1.
Now suppose that the result holds for all © = m where 0 < m < n — 2. We will
show that it also holds for m + 1. By hypothesis, if ¢ = m then

_ n—1 n—2_ 1+k n—3, 24+kn+kn_ n—1l-m, m+>" k;
Ly = (" ty, a2yt e Sy rhathnn ey ma b
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and
HR /1) :(1,2,3,...,n,...,n,@—1,...,n—14,...,11—m+1,...,n—m—|—%,n—m,n—m,...).
vV Vv Vv
kyn times kn—1 times kn—m-+1 times

In particular, notice that if s > n — 1 + Z?:n_mH k;, by hypothesis
H(R/Immy,s) =n —m. This means that H(Im),s) = H(R,s) — H(R/Imm,s) =
(s+1)—(n—m)=s+m—n+1. Wesee that for a fixed s >n—1+3>7_ . kj
the set of distinct monomials in I, of total degree s is

s—1 s—2,2 n—1, s—n+1 n—2, s—n+2 _n—3, s—n+3 n—1l—-m_  s+m—mn+1
{27y, 2"y, 2"y "%y "y s T y 3

and there are in fact s + m — n + 1 such monomials.
Finally, let ¢ = m + 1 and so

o n—1 n—2 1+k n—3 2+kn+kn_ n—m—2, m+1+>"  _ k;
I(7’Vl'|'1)_<‘r Yy, x Yy ", T ) " 1,...,([’ ) zJ_n J>'

. —m—2 m+1+ 7}_ _ k. - . . n
Since 2" ~™ %y 2j=n-mki is a monomial with total degree n — 1 + > ienm Ki»

then it follows that H(R/Iim), ) = H(R/Ims1),7) forall 0 <r <n—1+3"7_  k;
Thus we only need to consider the monomials of total degree t > n—145" pE—
By hypothesis, we define the set of distinct monomials in I(,,41) of total degree ¢
generated by the set

n—1 n—2, 1+k n—3, 2+kn+kn— n—l-m, m+>" . k;
{ZE Y, Yy T Yy " 17“‘71‘ Y 25 i J}

to be

_ t—1 t—2 2 n—1_ t—n+1 n—2 t—nm+2 n—3, t—n—+3 n—1l—-m_ t—n+m+1
At—{x Yy, x Y,..., T Yy y & Yy y & Yy yerey L Yy }

and there are ¢t +m — n + 1 such monomials in this set.
Now let

By = {(a" 2y R e R (2% | e+ d =t —n — ( Z k;)+ 1}

j=n—m

denote the set of distinct monomials in I(;,41) of total degree ¢ generated by the

monomial 2" 2y 1+ Ei=n-m i Then we have
|B,| = <t—n—( > kj)+1)+1:t—n—( > k) +2
j=n—m j=n—m

Therefore, the set of all monomials in I, 1) of total degree ¢ is A, U B;.
Notice that if ¢ > 1, then (2" ™ 2ym 1+ 2i—n—mki)(z¢y?) € A,. Thus the only

monomial in B, that is not in A, is the monomial z"~™ 2¢y!="+"+2 and so

AN Byl = (t—n— ( zn: B)+2) —1=t-n—( Zn: k) + 1.
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Therefore,
H([(m+1),t) == ‘At U Bt’ - ‘At‘ + ‘Bt‘ - ’At N Bt‘ =

(t+m—n-+1)+ ( 2: k;) +2) ( n—( 55 @)+1):t+nr—n+2

j=n—m j=n—m

It follows that
H(R/Im+1),t) = H(R, t)—H(Lim1), t) = (t+1)—(t+m—n+2) = n—m—1 = n—(m+1)
forallt>n—1+ Z?:z k;. Finally, we have

HR/Tmyy = (1,2,3,.0n,comn =1, on—1,...on—m,...,n—m,n—m—1,n—m—1,...),
N s N\ ~~ > NS -~ >
ky, times kn_1 times kn_m times

as was desired. We conclude that the result holds when 0 < <n — 1. I

If S is an infinite sequence that cannot be written in the form given in Theo-
rem 4.5.12, then S is not a Hilbert sequence by Theorem 4.5.5. The most important
consequence that follows this fact and Theorem 4.5.12 is that every infinite sequence
(1,2,3,...,n,n1,n9,n3,n4,...) is a Hilbert sequence Hg,1 for some monomial ideal
I'in R = kf[z,y] when n > ny > ng, > ns, > ng, > ---. Therefore, we now know
exactly what every infinite Hilbert sequence Hg,1 in R looks like.

Example 4.5.13. Theorem 4.5.12 also shows us how we can find a monomial ideal
I such that Hg 1 is any infinite sequence of the form (1,2,3,...,n,n1,n9,n3, 4, . . .)
wheren > n; > ny > n3 > ny > - - -. For example, suppose that S (1,2,1,1,1,1,...)
and we want to find an I such that Hg/ = 5. Theorem 4.5.12 tells us that since
n =2 and ny = 1, then if I = (zy, y?), then Hr; = S. We saw in Example 3.1.2
that if I’ = (22, zy), then Hgr,v = (1,2,1,1,1,1,...). Notice that if we interchange
x and y in each generator in I’, this will not affect the number of monomials of
any given total degree. Also note that if we interchange x and y in I’ then we get
I. Therefore, the result of Theorem 4.5.12 holds. This example also shows that the
ideal I given in Theorem 4.5.12 is not the only ideal with the Hilbert sequence Hg .
There may exist other monomial ideals I such that Hg /1 = Hr/r- O

We are finally ready to show that if S; is the set of all sequences of length ¢ given
in Theorem 4.5.9, then for every sequence S € 5;, there exists a monomial ideal [
in R = klx,y] such that Hg1 = 5.

Theorem 4.5.14. Let R = k[x,y] and suppose that

— (" Ly g2y R =3 2 kntkn— n—l—i i+ ks
= (2" y,a" Sy T Tyt Y Djmn—it1 8

x2yn 3+Zg4]xy 33Jy

for some n, k, € N—{0} and ky, ko, ..., kn_1 € N. Then
Hep= (1,23, ..n,...non—1,.. . n—1.. 4. .43 .32 ..21..10.0,.)
—— v —_—— —— —— —

~
kn times kn_1 times k4 times kg times ko times ki times

n—2+>" n—1+37% o k ”—1+2?:1 kj)
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Proof. Since the total degree of the monomial 2" 1*2i=1%i is n — 14 > i1 kj, then
it follows that for all 0 < m <n —1+ 2?21 k;j, we have

H(R/I,m) = H(R/I—1), m)

where I(,_1y is the ideal given in Theorem 4.5.12 when i = n — 1. As we saw in the
proof of Theorem 4.5.12,if p=n—1+ Z?Zl k;, then the set of distinct monomials
in I of degree p generated by the set

n—2, 14kn ,n—3, 24kn+kn_1 2, n=3+3 7 4 k; xyn—2+2?=3
)

{a" Y, 2"y Y LTy kjyyn—lJrZ?:z kil

1s

Ay = {2y, 2Py Py ey P
Notice that |A,| = p. Also note that z? is the only monomial of total degree p in
R that is not in the set A. However, since the monomial z/ = z" '+tXi=1% is a

generator for I, we conclude that all monomials of total degree p are in I. Thus
H(R/I,p) =0 and by Theorem 4.3.1, H(R/I,q) =0 for all ¢ > p.

Therefore,
Hrp=(1,2,3,....n,...,n,m—1,....n—1,...,4,...,4,3,...,3,2,...,2,1,...,1,0,0,...).
—_—— ~ ” —_—— —— —— —
k, times kn—1 times k4 times ks times ko times ki times
O
Theorem 4.5.14 shows us that every finite sequence of the form (1,2,3,...,n,n1,n2,...,ni_y)
is a Hilbert sequence Hg/r for some monomial ideal / when n > n; > mny > --- >

ni_, > 0and 1 < n < i . Also note that by Theorem 4.5.5, these are the only
possible finite Hilbert sequences. Therefore, Theorem 4.5.9 tells us that there are
exactly 27! finite Hilbert sequences of length 1.

Example 4.5.15. Let S = (1,2,3,2,1) and suppose we want to find a monomial
ideal I such that S = Hgr/1. Theorem 4.5.14 tells us that if I = (22y, zy?, yt, 1),
then Hg/1 = (1,2,3,2,1). We see that there are no monomials in I of total degree
0, 1, or 2, and so H(R/I,0) =1, H(R/I,1) = 2, and H(R/I,2) = 3. We also see
that the set of monomials in I of total degree 3 is {2y, zy*} and so H([,3) = 2
which implies that H(R/I,3) = H(R,3) — H(I,3) = (3+ 1) — 2 = 2. Similarly, the
set of monomials in I of total degree 4 is {xy, 2%y? 2y, y*} and so H([,4) = 4.
Thus H(R/I,4) = H(R,4) — H(I,4) = (4+ 1) — 4 = 1. Finally, we note that set of
monomials of total degree 5 in I is {x°, 'y, 23y% 2%y3, xy*,y°} and this is the set
of all possible monomials of total degree 5 in R. Hence there are no monomials of
total degree 5 in R/I and so H(R/I,5) = 0. We conclude that Hg ;1 = (1,2,3,2,1),
and so Theorem 4.5.14 holds. O

We have now found every possible Hilbert sequence Hr, 1 when I is a monomial
ideal in R = k[x,y|. Since Hy = Hr—Hg/1, we have also found every possible Hilbert
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sequence Hy. However, we have shown even more than this. We have actually found
all Hilbert sequences for any homogeneous ideal in k[x,y]. This brings us to our
main result.

Theorem 4.5.16. Hg1 is the Hilbert sequence of some homogeneous ideal in I if
and only if Hryt has the form

(1,2,3,....,n,...,n,n—1,....n—1,....n—i+1,...n—i+1,n—in—i...)
N A ~~ > N ~~ >y
kn times kn—1 times kn—iy1 times

for some n, k, € N—{0}, ki, ko, ..., kn_iz1 €N, and 0 < i <n.

Proof. Corollary 4.5.7 and Theorems 4.5.12 and 4.5.14 prove this for all monomial
ideals in k[z,y]. It follows from Proposition 1.0.1 that the theorem holds for any
homogeneous ideal I in k[z,y]. O

Notice that in Theorem 4.5.16, if 0 < 7 < n then Hgr/1 is an infinite sequence,
while if ¢ = n then Hg/1 is a finite sequence. We now know every possible Hilbert
sequence Hgr in k[z,y] when I is a homogeneous ideal.



D

Open Questions

I now present the reader with a list of questions that I encountered while working on
this senior project. I find these questions to be engaging, but I did not have enough
time during the past year to pursue answers to any of them. Naturally, many other
questions arose as my project progressed, but the questions that I list are the ones
that I find to be the most promising. Perhaps someday a devoted reader will be able
to provide me with an answer to some, if not all of them.

1. After computing hundreds of examples, I am quite convinced that if R =

klz,y, 2] and I is any monomial ideal in R, then once the sequence Hg,1 begins
to decrease, it can never increase again. We were able to prove in Section 4.5
that this is true when R = k[x, y], and so is it possible to generalize the proofs
of Theorems 4.5.3 and 4.5.5 for three indeterminates instead of two?

. In fact, I would be willing to bet that if R = k[xy,...,2,] and [ is any

monomial ideal in R, then if the sequence Hg 1 starts decreasing, it will never
increase again. Can this be proven or does there exist a counterexample?

. In Section 4.5, we saw that once we proved Theorem 4.5.5, we were then

able to count the number of finite Hilbert sequences of a given length. How
many finite Hilbert sequences of a given length are there in k[z,y, z]? Note
that k[x,y, z]/(z) = klz,y] and so every Hilbert sequence in k[z,y| is also a
Hilbert sequence in k[z,y, z]. What other types of finite Hilbert sequences are
in k[x,y, z] that are not in Hilbert sequences in k[z,y]? How about the finite
Hilbert sequences in k[z1, ..., x,]?

. We saw in Example 4.5.13 that both of the ideals I = (zy, y?) and I' = (2?, zy)

had the same Hilbert sequence (1,2,1,1,1,1,...). However, this makes sense
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because we can get one ideal from the other by interchanging x and y in the
generators. We also saw in Example 4.5.15 that if [ = (2%y, zy? y*, 2°), then
Hra = (1,2,3,2,1). It is not difficult to show that if I’ = (2%, ¢?), then
Hryr = (1,2,3,2,1) as well. In this case, we cannot get I by interchanging x
and y in the generators of I’. In fact, I’ has the fewest number of generators
possible in order to obtain the sequence (1,2,3,2,1) (for example, if I’ is
generated by one monomial, then Hg,r is infinite). Thus we can think of I’
as the ideal generated by the fewest number of monomials such that Hg v =
(1,2,3,2,1). Given any Hilbert sequence S in k[x,y], how does the ideal I’
generated by the fewest number of monomials such that Hgr,py compare to
the ideal given to us in Theorem 4.5.12 or 4.5.147 Are there any relationships
between all ideals who have the same Hilbert sequence?

5. In Section 4.3, we were able to prove some results for k[z1, ..., x,]. What other
results can be proved in full generality?

6. What kind of Hilbert sequences are possible in k[z,y| when the ideals are
generated by a set of monomials of the same total degree? For example, if we
look at all ideals that are generated by a set of monomials of total degree 2,
it is not difficult to see that there are 6 such possible ideals and we get the
following 4 different Hilbert sequences:

(a)

1,2,2,2,...)if the ideal is generated by a single monomial of total degree

(b) (1,2,1,1,...) if the ideal is (z?, zy), or (y* zy)
(c) (1,2,1) if the ideal is (22, y?)
(d) (1,2) if the ideal is generated by all monomials of total degree 2.

—~ DN —~

What kind of relationship is there between the number of generators in an ideal
of this form and the corresponding Hilbert sequence? How many such Hilbert
sequences are there for all possible ideals generated by a set of monomials of
total degree 7
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