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Dedication

To my family and to M.



Abstract

We completely characterize the Hilbert series of monomial ideals in two variables
using combinatorial and algebraic techniques. Since the concepts of modules and
resolutions play an important role in the study of Hilbert functions and Hilbert
series, we familiarize ourselves with these mathematical objects. Along the way we
obtain some results regarding freeness of modules, and we provide proofs for some
classical results about graded modules and graded resolutions. These lead us to
proving the Hilbert & Serre theorem for graded modules in polynomial rings, which
was our initial motivation for the project.
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Introduction

I started this project by analyzing the Hilbert series of monomial ideals. This is how
I came across a famous theorem by Hilbert & Serre, which asserts that the Hilbert
series of a monomial ideal is always a rational function. These functions are of the

form
p(t)

(1=t

where n is the number of variables of the polynomial ring in which the ideal sits, and
p(t) is a polynomial with integer coeficients. I became interested in the polynomial
p(t), so I tried to characterize p(t) for monomial ideals in n variables. The main
results of my Senior Project in terms of original work consists of the characterization
of p(t) in 2 variables that is presented in Chapter 3. In order to understand proofs
about Hilbert series and Hilbert functions, I had to get familiar with new concepts
such as modules, syzygies and resolutions. Along the way I managed to prove some
minor results, and these are included in Chapter 4. I end the project by giving my
own proof of the Hilbert & Serre Theorem for general modules.



2

Preliminaries

In this chapter we introduce some basic definitions and concepts that we will use
throughout the project.

2.1 Graded algebras and homogeneous ideals

Let k£ be an infinite field.

Definition. A commutative k-algebra is a vector space A over k, which posseses a
multiplication operation, such that for every z,y,z € A and a, 3 € k the following
hold:

1. azy =y

2. x(yx) = (wy)z

3. x(y+2) =ay+xz

4. afzy) = (ax)y = z(ay)
5. a(fz) = (af)z.

Note that A is in fact a ring as well.

Definition. A graded k-algebra is a k-algebra that has a decomposition

A= ®n20An
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as a vector space over k such that

2)AZAJ Q Ai-f—j for all ’L,j Z 0.
Each element x € A, is called homogeneous of degree n. A
Let R = k[xy, 3, ..., x,] be the polynomial ring in n variables, over the field k,

where each z; has degree 1. This is the ring which we consider throughout the paper.
It easily seen that R is a graded algebra and we can express it as

R = @p>0 Ry,

where R, consists of the homogeneous polynomials of degree n. For a proof of this
statement see [8, Theorem 2.2.5].

We will now introduce the algebraic objects that we will be studying in great
detail.

Definition. A homogeneous ideal is an ideal generated by homogeneous polynomi-
als. A

Example 2.1.1. Let R = k[zy, 72, z3] and let I = (2] —x 2903 + 2313, 23 + 7123, 73).
Since the generating polynomials are homogeneous of degree 4, 2 and 3 respectively,
we have by the definition that I is homogeneous. O

Definition. A monomial ideal I in a ring R is an ideal generated by monomials in

R. A
Example 2.1.2. Let R = k[xy, T2, 23, 4], and I = (23, 2125, x3). Then [ is a mono-
mial ideal. O

It is easily seen that a monomial ideal is also a homogeneous ideal.

Since an ideal of R is also a k-algebra, we can talk about graded ideals. We will
then say that I is a graded ideal if I = ®,,>0{,, where I, = R, N I.

The following theorem establishes a relationship between homogeneous ideals and
graded ideals. For a proof of the theorem as well as details of the observations that
follow see [1].

Theorem 2.1.3. Let I C R be an ideal. Then I is homogeneous iff I is graded, with
the grading I, = R, N I.

It can be shown (see [8, Theorem 2.3.6]) that the quotient ring R/I of a graded
ring R and a graded ideal I is a graded ring also. So, if we can express

R=Ry®R &®---

and
1210@11@'“,
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then
R/I=Ry/lo® R /11 ®---.

When [ is a monomial ideal, each I, is spanned by the monomials of I of degree
n. Further, each R, /I, is spanned by equivalence classes of monomials of degree n
in R/I. Tt is easily seen that there is a unique monomial in each equivalence class

(see [8]).

Example. Let R = k[z,y] and I = (xy? z?) be a monomial ideal in R. Then
I = ®I;. We have that [ is spanned by the monomials from I that are of degree 0.
Therefore Iy = (). Similarly, I; is spanned by the monomials of I of degree 1, so I} =
(). Further, we have that I, = span{z?} since z? is the only monomial in I,. Also, I3 =
span{z?®, 2%y, xy?}. It can also be showns that I, = span{z?, 23y, v%y? xy>}. Next we
can compute R,,/I,,. Since Ry = span{1} and I, = (), we have that Ry/Iy = span{1},
where the bar represents the equivalence class of the element 1. Similarly, R; =
span{z,y} and I} = 0, so Ry/I, = span{z,y}. Also, Ry = span{z® vy3 2%y, vy?},
and I3 = span{z3, 2%y, vy*}, so R3/I3 = span{y*}, and so on. In what follows we
will abuse notation by omitting the bars. O

2.2 Hilbert Functions and Hilbert Series

Definition. A graded k-algebra A = ¥,50A,, is finitely generated if there exist a
finite number of elements 1, ¥», ..., y, such that A is spanned by the set of mono-
mials

{vi'y" - yp [0 <0 € Z}

in y1,Ys,...,Ys as a vector space over k. A

Definition. Let A = ®,,5¢A,, be a finitely generated graded k-algebra. The Hilbert
function of A is defined to be

H(A,n) = dimy(A,)

where dimy, A, is the dimension of the vector space A, over k. If =1, B, P - --
is a homogeneous ideal of A, we can also define

H(I,n) =dim I,.
A

Note that if A is finitely generated, for each non-negative integer j there are
finitely many monomials of degree j among the generators of A. The monomials of
degree j from the set of generators of A generate A; as a vector space over k, so A;
is finitely generated for each j.

A nice representation of the dimensions of the components of an algebra A is given
by introducing the series having as coefficients the value of the Hilbert function at
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each homogenous component. In combinatorial terms, the Hilbert series of A is the
generating function of the sequence given by the Hilbert function.

Definition. Let A = @,>0A,, be a finitely generated k-algebra. The Hilbert series
of A is defined to be the generating function
F(At) = X2 JH(A, n)t".
Similarly, if I is a homogeneous ideal of A, then the Hilbert series of [ is
F(I,t) =2 H(I,n)t".
A

We do not worry about convergence since we are working in the field of power
series.

Example 2.2.1. We compute the Hilbert series of R[z]. Since R; = span{z'} = ka',
we have that

R = @nZO Rn
= span{1} & span{z} ® span{z*} & - --
=kOkr®ka®®---.

Therefore, H(R,:) = 1 for any i, and

O

When refering to Hilbert functions of ideals, algebraists like to study properties
of R/I rather than of I, primarily because of its uses in algebraic geometry. We
adopt the same convention in this paper. Since we are mainly going to compute the
Hilbert series of quotient rings R/1, it is of interest to see how the Hilbert series of
I relates to the Hilbert series of R/1.

Theorem 2.2.2. Let R = ®,>0R, be a graded k-algebra and I = ®,>0l, be a
graded ideal. Then

F(R/I,t) = F(R,t) — F(I,1).
Proof. A standard result in linear algebra states that given a vector space V and
a subspace W it holds that
dim(W/)V') = dim(W) — dim(V).

We know that each R, I,, and R, /I, are vector spaces, and I, is a subspace of R,,.
Then,

dim(R,/I,) = dim(R,,) — dim(1,).
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This implies that
H(R/I,n) =H(R,n) —H(I,n)

and by summing over all n’s the theorem follows. O

The idea of this senior project was inspired by a theorem of Hilbert & Serre (see
[1, Theorem 11.1]), that makes an assertion about the Hilbert series of a module.
Since a module is in a way a generalization of an ideal, and since we do not yet
have the neccesary background regarding modules, we will formulate the theorem
in terms of ideals. The Hilbert & Serre theorem shows that for a polynomial ring
R and a homogeneous ideal I, the Hilbert series of R/I always has the form of a
rational function.

Theorem 2.2.3 (Hilbert, Serre). Given a graded polynomial ring R =
k[xy,xq,...2,] and a graded ideal I in R, then the Hilbert series of R/I can be
expressed as

p(t)

FR/LY =

where p(t) is some polynomial in t and with integer coefficients.

We will prove this theorem in the more general setting of modules in Chapter 4.

The initial goal of this project was to determine p(t) for certain classes of mono-
mial ideals, in particular monomial ideals in two variables. The one-variable case is
relatively easy.

We start by noting that using Theorem 2.2.2, Theorem 2.2.3 holds also for the
homogeneous ideal 1.

In fact, for any ideal I, we have H () is always equal to H(I™), where I"™ is some
monomial ideal (see [2, Chapter 9, Section 3, Proposition 9] for details).

For this reason, the results that we obtain for monomial ideals in this project hold
for any general ideals.

2.3 Combinatorial approaches to the study of Hilbert Series

In this section I will introduce some combinatorial approaches regarding Hilbert
series. One of the earliest questions that appeared regarding the Hilbert series was
to determine which sequences of natural numbers arise as the Hilbert series of some
ideal in R. Moreover, given a sequence that is the Hilbert series of an ideal, how can
one construct the ideal? Both questions were solved for ideals by Macaulay in 1927.
For a quick flavor of the results I will present his theorem.

First we need to state some definitions and results([5, Lemma 1.2]) that will be
used in the theorem.



2. PRELIMINARIES 12

Proposition 2.3.1. Given h and d positive integers, then h can be written uniquely

as
Un ny nj
h =
()= () =+ ()
for some j where ng >mny > ...>n; > 1 andn; >d—1 for 0 < ¢ <.

We will also use the following notation for simplifying the representations that
follow.

Definition. Let h be a positive integer written as in Theorem 2.3.1. We will make
the following notation

+1 ny+1 n;+1
i = (" . 7
(d+1 N d T d—j+1)

where 0% = 0. A

Macaulay’s theorem ([4, Theorem 18.3]) gives a necessary and sufficient condition
for a finite sequence H to be the Hilbert function of some monomial ideal.

Theorem 2.3.2. H : N — N is the Hilbert function of some monomial ideal I iff
i) H(0) = 1;
ii) for all d > 0, if H(d) = h is written uniquely as

=)+ () ()

H(d+1)<hd =" . / .
(d+1) = (d+1 g )T i

Note that H(d) from the above theorem is actualy H (1, d) for some unknown ideal
I and some integer d. The theorem does not specifically tells one how to construct an
ideal I that has its Hilbert function a given series of integers. In her Senior Project
8], Jaren Smith showed how such ideals can be determined in the two-variable case.

We will now show the method we mostly use for computing Hilbert series. In order
to obtain any computational results regarding Hilbert series of monomial ideals, we
first need to compute the Hilbert series of the general polynomial ring in n variables.
The theorem below completely answers this question. We will find the dimension
of I, by counting the number of monomials that span I,. Also, to compute the
dimension of R,,/I,, we will count the number of monomials in R,, and subtract the
number of monomials spanning I,,.

Theorem 2.3.3. Let R = k[zy, s, ...x,]. Then

then

FRO) = 7=
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Proof. We will prove the theorem by induction on n (the number of variables). For
n = 1 we have seen in Example 2.2.1 that the theorem holds. Suppose now that it
holds in n — 1 variables x1, x5 ...2,_1, SO

1
F(k[l'l,xg, cee 7xn71]7t) = W

Let h; and g; be the Hilbert function H (R, ) and the Hilbert function H(k[z1, xa, . . ., Tp_1], 1)
respectively, for each ¢ > 0. A monomial p of degree i in k[xq, xo, ... x,] can be writ-
ten as

p =z, m,

where a > 0, and m is a monomial of degree ¢ — a, not involving x,,. Thus, the
number of monomials of degree i that generate each R; of k[z1, xa, ... x,] is the sum
of the number of monomials of degrees less than or equal to i in k[xy, za, ... Zm_1].
We then obtain that

ho = go
hi=go+ g
ha = go+ g1+ g2

hon=g0+g91+g2+ ...+ gn
Then the Hilbert series looks like

F(R,t) = hg + hyt + hot* + ...
= go+ (9o + gt + (90 + g1 + g2)t* + . ..
= (go+ it + got® +...) +t(go + it + got* + .. )+
+2(go+ it + gl 4. )+
= (F(k[z1, 20, ..., 2, ) (L +t + 4. )

1 1
B
B 1
DD

O

Similar inductive arguments will be used later in the paper for proving more
complex results.
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Hilbert Series of Monomial Ideals

In [8], Smith completely characterized the Hilbert functions of monomial ideals in
two variables. In this section we will present some general results about the Hilbert
series of monomial ideals and we will completely characterize the Hilbert series
of monomials ideals in two variables. As opposed to extending Smith’s results to
Hilbert series, we use a method completely independent from her work.

3.1 General facts in n variables

Theorem 3.1.1. Let I be an ideal in R = k[x1, 2z, ..., 2] and let

f(t)
(1—2)
be the Hilbert series of R/I, where f is a polynomial in t. Let I' be the monomial
ideal in R = kl[x1,x9,..., %, ..., 2,], with n > 1, such that I' is generated by the
same monomials as I. Then the Hilbert series of R'/I' is
f(t)
F(R/I't) = :
(1 =

Proof. Note that it suffices to prove the theorem for n =r + 1. For n =r + 1, let
ho, h1, ... and gg, g1, ... be the coeficients of the Hilbert series of the ideal R/I, and
R'/I' respectively. Let m be a monomial of degree i > 0 in R'/I’. Then

m = mlxiﬂ, with deg(mq) =i — j,

where i > 7 > 0, and my involves only 1, o, . .. x,. Thus, the number of monomials
of degree ¢ in R'/I’ is the sum of the number of monomials of degrees less than or
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equal to i in R/I. Therefore, for degree ¢ > 0 we have that
gi:h0+h1+h2+...+hi,

hence

go = ho
g1 =ho+ My
g22h0+h1+h2

Then we obtain

F(R/I't) = go+ git + gat® + . ..
= ho + (ho + h1)t + (ho + h1 + ho)t* + . ..
=(ho+hit+...)+t(ho+hit+...)+...
= F(R/I,t) + F(R/I,t)t + F(R/I, t)t* + ...
=F(R/LH(1+t++..)

f 1

1=ty (1—1)

_

(1 —t)+t

Note that the general theorem follows by a simple inductive argument. O

We next compute the Hilbert series of some special types of monomial ideals.
In the next section we quote a more general result by Stillman & Bayer [9] that
computes the Hilbert series of a any monomial ideal recursively. For what follows
R =klzy,xq,...,x,].

Theorem 3.1.2. Let I = (mq,my, ..., my, m) be a monomial ideal of R, such that
m does not contain any variable of my,ma, ..., my. Let I' = (my,ma, ..., my), and
let a = deg(m). Then

F(R/I,t) = F(R/T, t)(1 — 1%,

Proof. As before, let hg,hy, hy... and go, g1,... be the coeficients of F(R/I',t)
and F(R/1,t) respectively. For i < a no monomial in R/I" is divisible by m, thus,
such monomials in R/I’ are identical to the ones of the same degree ¢ in R/I, and
therefore, h; = g;. Otherwise, if i > a, let p be a monomial of degree i in R/I’. Some
of the monomials of degree i in the generating set of R/I" are divisible by m, and
some are not. Those that are not divisible by m are identical to the monomials of
degree i in R/I, since no variable contained in m is involved in them. Let p be a
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monomial included in the generating set of the ith homogenuous ideal of R/I’, such
that p = mp; for some monomial p; in R/I’, with deg(p;) = i — a. Then p; is not
divisible by any m;, and hence p; is in the generating set of the ¢ — ath homogenous
ideal of R/I'. The number of monomials of degree i in R/ is obtained from the
number of monomials of degree ¢ in R/I’ by subtracting the number of monomials
divisible by m, thus of those of degree i —a in R/I’. Henceforth, for i > a we obtain
that
gi = hi — hi_,

and

F(R/I,t) = go+ git + gat® + - --
= ho+ hit 4 -+ he 1t + (hg — ho)t* + (hayr — Rt 4 - -
=F(R/I',)t) —t"F(R/I' t)
=F(R/I',t)(1 —t%).
U

Corollary 3.1.3. Let R = k[x1,xs, ..., 2, and let [ = (m), where m is a monomial

of degree a. Then
1

Tt

Proof. Using the notation of the theorem, I’ = 0 and so R/I’ = R. From Theorem
2.3.3 we obtain that

F(R/I,t) =

1
I' t) =
SO .
R/1,t) = 1—t%).
FR/LY) = (= (1= )
O
We can now derive p(t) in the one-variable case.
Corollary 3.1.4. Let R = k[z] and let I = (z*). Then
11—t
It)= :
F(R/I1) = —
Proof. The proof follows directely from Corollary 3.1.3, by taking n = 1. O

Corollary 3.1.5. Let R = k[x1,xa,...,2,], and let [ = (21", 2%, ..., 2,"") be an
ideal of R, with a; € Z*. Then

F(R/It) = 1 — ) (1 — £92) - (1 — 9.

1
f=nn
Proof. Use n applications of the Theorem 3.1.2. Since all the variables are distinct,
the corollary follows. O
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3.2 Characterization of the monomial ideals in two variables in
terms of Hilbert series

In the case of a polynomial ring R in two variables and an ideal I C R we completely
determine the expression of the Hilbert series of R/I. First note that if, say m; =
2%y’ and my = 2%2y* are among the minimal generators of I, then we cannot have
either of them dividing the other and so we must have either a; < ay and by > by,
or a; > as and b; < by. We are now ready for the theorem.

Theorem 3.2.1. Let R = k[z,y] and let I = (x%yP a2y . x99y be such
that a1 < as < ... < a, and by > by > ... > b,. Then, the Hilbert series of R/I(”)
18

FR/I™, 1) = — 1 (1 — 5ot 5 gonthion)

’ - (1 . t)2 k=1 k=2 :
We will first prove a technical lemma.

Lemma 3.2.2. Let R = klx,y], let 1™ = (g@yh g0yt . g%yt and let
11 = (pargybr gozybz o pan-igbeo1)be such that ay < ay < ... < a, and by >
by > ...>b,. Then

FOAO,t) = FAOD )+ F((@™,y™) ) = F({a™y" ), 1)
holds.

Proof. We represent the monomials 2%y" as the elements (a, b) of R?, as in Figure
3.2.1. The monomials included in an ideal (z%®) are all the monomials x®y® with
a > a, and 3 > b. We can represent in R? the monomial ideal (z%y®) as the set of
all ordered pairs (a, 3) where z%y” is a monomial in (z%").

b_2

b_{n-1

Figure 3.2.1. Graphical representation of the ideal intersections

Let
A={(a,b) € Z* | 2%y* € IV},
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given by points in and to the left of the shaded region of Figure 3.2.1, and let
B ={(a,b) € 2* | 2°y" € (z*",y")},
given by points in and below the shaded region of Figure 3.2.1. It is easy to see that
ANB={(a,b) €Z* | a> ap,b>b, 1},

which is the representation in R? of the ideal (x4 y-1), given by the shaded region
of Figure 3.2.1. For each positive integer i let A; and B; be the sets {(a,b) € A |
a+b=1} and {(a,b) € B| a+ b= i} respectively. Then

where | X| denotes the cardinality of the set X. Thus, the number of monomials of
degree i in I can be obtained by adding the number of monomials of degree i in
I to the number of monomials of degree i in (2%, %) from which we subtract
the number of monomials of degree i of (% y’~1). We can then write

R, i) =R 0) + H (@, y) 1) — H({z,y" ), ).
By taking the sums over all i’'s we obtain

zion(I(n) it = Eion(I(nfl) L)+ s H ({2, yb"> L)t =S H({x, yin ), i)t

O
Proof of Theorem 3.2.1. We will use an inductive argument on n. For n = 1 we
have
1M = (zy™)
and so .
F(R/IW t) = 1 — ¢ath),
(RIT 1) = = )

Suppose the theorem holds for any ideal generated by n — 1 monomials. Then

1

F(R/I(n_l)at) - (1—1t)2

(1= sty gyttt
By using the lemma we obtain that
FIM ) = FIV 4) + F((z, y'), t) — F({z, "), 1).

Since

F(R/I,t) = F(R,t) — F(I,1),
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for any ideal I of R, it follows that

F(R/I™ t) = F(R/T" V1) + F(R/{x™, y"), t) — F(R/(x, y’=1), t).
Then we obtain

F(R/I™ 1) = (1 — Eplpontbe

(1—1)?
1
Z”—ltak+bk—1 1— tan—i—bn o 1— tan-i—bn—l
+ k=2 )+(1_t)2( ) (1_t)2( )
1 n  qa n  ia
T a-t? (1 — S0 4 3 pawtoest),

3.3 Stillman & Bayer’s theorem

Stillman and Bayer developed the computer algebra software Macaulay, which is one
of the main tools used in algebraic geometry and commutative algebra for computing
Groebner Bases, resolution of ideals, varieties, and so on. In the latest version called
Macaulay 2 they improved the performance of some algorithms used by the earlier
version. The algorithm used by Macaulay 2 to compute Hilbert Series of monomial
ideals is based on the results of the theorem that we present in this section.

In order to introduce the general Stillman & Bayer’s theorem, we first define some
notation.

Definition. Let I, J be ideals in R. We define the colon (or quotient) ideal of I by
J, denoted by I : J, to be
I:J={f€klri,za,...,2,) | fg€Iforall ge J}.

If m is a monomial, we define I : m to be I : {(m). A

Note that by construction, I : J is an ideal of k[z1, xa, . .., 2]
For the next result we need the following definition.

Definition. Let f, m be monomials. Then let

fim
denote the monomial —L—. A
Example 3.3.1. 232,/2% = z179 and 2323 /211973 = 2305 O

The next proposition characterizes I : m for a monomial ideal I and a monomial
m.
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Proposition 3.3.2. Let I = (f1, fa2...f;) be a monomial ideal and let m be a
monomial in R.
Then

= (fi/m, fofm,... fr/m).

Proof. Let f € I : m. Then fm € I, and so fm =>_._, fig;, where g; € R for each
1. Since m is a monomial, it is true that m dividing Zij figi implies m | f;g; for
every 1 <i <r. Let f/, and g, be such that f/g. =m and f/ | f;, g; | gi, where f/ is
the greatest common divisor of f; and m. It then follows that

f:ZZ 1 fzgz Zfzgz'

Note that f;/m defined above is the same as f;/f/, therefore,

€ ((A/ 1), (fo/ £2), s (Fn] o)),
implies
€ (fi/m, f2fm, ... fr/m).
Now if
€ ((A1/ 1D, (F2/ fa)s - (Fnd £
then f = > (fi/f!)g:; for some g; in R. We have that

fm:Z(fz/f gim Zfzgz m/f Zfipiy

where p; = g;(m/f!), and 1 < i <r. In conclusion,

fme <f17f2"'f7“>7

so fm € I and therefore f € I : m. This ends the proof of the proposition. O

Example 3.3.3. Let I = (2323, 23, 1122) and let m = zyz923. Then I : m =
<l‘%l‘%,l‘§,l‘3> <l‘%IZ217x3> O

Finally, we can state the theorem that provides an algorithm for computing the
Hilbert function of general monomial ideals. The sequential algorithm that imple-

ments the theorem is used by the algebra software Macaulay 2. See [9, Proposition
2.2]

Theorem 3.3.4. Let [ = (J,m) be a monomial ideal in k[xy, s, ..., x4), with J a
monomial ideal, and m a monomial of degree a. For any monomial ideal I let n(I)
be the numerator p(t) of the Hilbert series of R/I. Then

i)n(JN{m)) =1—t*+t"n(J : m)

it) n(I) =n(J) —t*n(J : m).
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We will first prove a lemma that will be useful in proving this theorem.
Lemma 3.3.5. Let J = (f, fo... f) be a monomial ideal, and h be a monomial in
R = k[zy,x9,...,2,]. Then

JN{hy="h[J:h]

Proof. Let f € JN(h). Then f = hp for some p € R. Then f = hp € J, implies
that p € J : h (by definition of J : h), and therefore f € h [J : hl.

Now let f € h [J : h]l. This implies f € (h), where p € J : h, which implies
f = hp € J, again by definition of J : h. We conclude f € J N (h), and this ends
the proof of the lemma. O

Proof of Theorem 3.3.4. i) Let A, B be two subsets of a set C. Then
C/(ANB)=(C/A)U(A/(AN B)).

In our case C' is the set of monomials in R, A is the set of monomials in (m), B is
the set of monomials in J. We then have

{monomials in R} / {monomials in ({m) N J)}
= {monomials in (R/{m))} U {monomials in ({(m)/({m)NJ))} .

So, the monomials in R/({m) N J) are those in R/(m) and those lying in (m) but
not in J. By a previous theorem we know that

n((m)) =1 -1
where deg(m) = a. Also, by the lemma we have that
(m)NJ=ml[J:m],
implying that
n((m)NJ) =n(m)+n(J:m).

So, to count the rest of the monomials we only need to count those in R/(J : m).
We will now prove that D = (m)/m[J : m] is isomorphic to R/(J : m). Note first
that every monomial in D has degree at least deg(m) = a, and so H(D, k) = 0 for
k <a.

Let ¢: R/(J : m) — D be such that ¢(g) = mg. Notice that if g € R/(J : m) then
g & (J:m), and so mg € (m) /(J : m). Clearly ¢ is bijective, therefore we proved
the isomorphism. Each monomial f € R/(J : m) with deg(f) = « corresponds to a
monomial f* € D with deg(f’) = « + a. This implies that

n(JN{m)) =1—t*+t"n(J:m),

and concludes the proof.
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ii) We have that

n(l) = n((J;m)) = n(J) +n((m)) = n(J N (m))
=n(J)+1—t*"— (1 —t*+t*n(J : m))
n(J) —t*n(J :m).

Let’s view our results so far, which are special cases of this theorem.

Example 3.3.6. Let’s verify Theorem 3.1.2.
Let

I = (my,ma,...,mg,my=(J,m).

By using ii) of Theorem 3.3.4 we have

n(1) = n({m,ma, .. mg)) — t*n(J )
=n((my,ma,...,mg)) — t*n((my,mag, ..., mg))
= n(<m1, mao, ... ,mk>)(1 - ta)a

which is in conformity with our result.
In the case of Theorem 3.2.1, if

_ ai, bi ,.a2, b2 an . b
I = (aMy™ x®y?, .. 2 y™),

with a,, the minimum a; and b,, the maximum b;. Let the m from Theorem 3.3.4 be

m = x%y’,
and so
J = (xmybr, . gtn-tybet),
Then
Jim = (gt T g2 gt an )
— <xan—1*an>’

since a; < ag, ... < an_1 < a,. Then by the above theorem

n(l) = n(J) = ¢ (o)

n
n(J) — ot (1 — gon-1=an).

Notice that by repeating the method inductively the result is identical to ours. ¢
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Now, given a monomial ideal I = (J,m) in three variables, we can easily deduce
the form of n(I), by considering the m from Theorem 3.3.4 as the monomial from
the generators of I that contains the highest power of one of the variables, say x;. In
this case, when the ‘division’ of J by m is performed, the variable x; vanishes, and
so J : m would be a monomial ideal in only two variables which we have completely
classified in Theorem 3.2.1.

Example 3.3.7. Let
I = (2379, 7173, 75),

and choose
4 5
J = (v173, 73)

and
m = (x315).

Note that m contains the highest power of the variable z;. Then

n(l) = n({J;m))
n(J) — t*n((x5, 23)).

By applying again the theorem, take

Jy = (v173) and my = (3).

Then,
n(J) = n(J) — t*n({2123))
=1—1"—t°(1—1°).
And now we can go back and compute n(I). O

Having a relatively easy fomula that enables us to compute the Hilbert series of a
monomial ideal in 2 variables, we first attempted to find a similar formula for 3 and
more variables. Unfortunately, we realized that our method does not generalize. The
reason for this is that we could not find a general form of expressing the ideals that
we were working with. More exactly, we could not find an ordering of the powers of
each variable occuring on the monomials of a similar form to a1 < ay... < a,, and
by <by...<b, that occurs in the two- variable case. So for three or more variables
we only can make repeated use of the Stillman & Bayer’s theorem presented above.

3.4 From Hilbert series to Modules and Resolutions

Until now we have proved theorems using mostly combinatorial means. In almost
every proof we have presented so far, we computed Hilbert series by computing
the Hilbert function as the number of monomials in each homogeneous component.
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There is another classical way of computing the Hilbert functions and Hilbert series
of monomial ideals. We are only going to sketch this approach in the current section,
without providing the necessary background for now. We do so to motivate our
further work in the area of homological algebra.

We will start by presenting an example that illustrates some of the concepts that
we will be working with.

Example 3.4.1. Let R = k[z,y| and let I = (z,y) C R. We will compute a free
resolution of I, that is, a sequence of free modules R’ and maps between these
modules
- fi - fima fi
N N =y SN}

We also need the sequence to be exact, that is, im(f;) = ker(fi—1). Since we have
two generators of I, choose the first free module in the sequence to be R? and let
fi: R* — I, be defined by fi(e;) = x, and fi(e2) = y, where ey, e; are the standard
basis in R? namely e; = (1,0), e, = (0,1).

We now need to find the number of generators of ker(f;). With a bit of work
one can prove that e;o = (—y,x) generates the kernel of f;, and so, we choose the
second module in the sequence to be R. Now define fo: R — R? by fo(1) = ejo.
Since ker(f;) = 0, we take the last module in the sequence to be 0. So we have
obtained the following free resolution of 1

0B REB R0

Notice that the degrees of the generating monomials of I and of ker(f;) are 1. In
the next chapter we will formally define modules that are denoted by R(d) for some
integer d. For now, you should just know that this notation keeps track of degrees of
generators, and it is called a shifting in the grading of R. What the notation R(d)
basically means is that all the polynomials of degree ¢ in R are considered of degree
d+tin R(d). Another way of presenting the above free resolution, by keeping track
of the degrees of the generators of the kernels of these maps, is

0B R-1)ZBR-1LT-0

Having the resolution of I and the shift in grading, by a theorem that we will prove
later, we can compute the Hilbert function of I, as

H(1,i) = H(R(-1)%,i) — H(R(-1),1),

where i is a positive integer. Thus, knowing H(/,m) one can easily compute
H(R/I,m) and F(I,t). O

In general for any ideal I of R, it is a fact that there exists a free resolution of I,
that is, an exact sequence of free modules and homomorphisms

0 /282 gre S pre-s Iy Sy g B e I p By g
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where the R™’s are free modules and the arrows represent the existence of homo-
morphisms between these modules. The sequence is defined iteratively, by taking
R™ to be the free module that contains the kernel of f;, and similarily R™ as the
kernel of f; and so on. Moreover, the sequence contains a lot of information about
the structure of the ideal and about its grading, as we have seen in the above exam-
ple. In this general case of a degree 0 map, one can compute the Hilbert functions
of I in the following way

H(R/1,i) = H(R,i) = Y (=1)H(R™,i).

J=0

We will provide a proof of the above equality in the next chapter.

Now that we have introduced the concepts of resolution and module we are going
to present them in a more formal way. In the next chapter we will go a bit astray
from the Hilbert functions and Hilbert series, and try to achieve an understanding
of the new theory tasted in this section.



4
Modules, Syzygies and Resolutions

4.1 Modules

In this section we move from the Hilbert Series area to a different interest domain,
that of modules over polynomial rings. We will first provide a friendly introduction
to the field and present further areas of interest. Our approach is faithful to the one
of [7].

A module is an algebraic structure that behaves over a ring in a similar way to the
way a vector space behaves over a field. In a more formal way we describe modules
over a ring as it follows.

Definition. A module over a ring R (or R-module) is a set M together with an
action Rx M — M (the image of (r, a) being denoted by ra) satisfying the following
properties for all r, s € R and a,b € M.

1) M is abelian group under addition.

2)r(a+b) =ra+rb

3) (r+s)a=ra+ sa.

4) r(sa) = (rs)a.

5) if 1g is the multiplicative identity in R, then 1ga = a for all a € M. A

Note that if R is a field then the properties above describe a vector space.

One of the differences between vector spaces and modules is that, while a vector
space always has a basis (assuming the Axiom of Choice), modules might not have
one. For example, consider the ideal I = (22 y*) in k[x,y]. Note that I is a vector
space over k, and that 22, y* are linearly independent over k. Now consider I as a
module (2%, y*) over R = k[x,y]. In this case z* and y* are the generators of the
module, but there exist polynomials f = —y*, ¢ = 22 such that fz? + gy* = 0.
Therefore, 22 and y* do not form a basis for the module M.
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Given a ring R, a simple check shows R is a module over itself. Also, R" is an R-
module, with the addition and scalar multiplication operations being the component-
wise ones. By a simple verification of the properties of a module given in Definition
4.1 one can deduce that if I is an ideal of a ring R, then I and R/I are R-modules.
This fact entitles one to say that modules are generalizations of ideals.

We have seen above that modules do not always have linearly independent gen-
erating sets or base. The modules that do have linearly independent generators are
called free.

Definition. A module M over a ring R is said to be free if it has a basis. A
Example 4.1.1. Let R be a ring and let M = R". Then R is a free module with
the standard basis

er =(1,0,0...0)

€9 = (0,1,00)

en = (0,0,0,...1).

O

Definition. An R-module homomorphism between two R-modules M and N is an
R-linear map between M and N. More precisely, ¢ : M — N is an R-module
homomorphism if for all @ € R and all f, g in M, we have

Plaf +g) = ap(f) + o(9).
A

We recall next the definitions of the kernel and image of a map of modules, which
are identical to the similar definitions of maps between other algebraic structures
such as groups and rings.

Definition. Let ¢ : M — N be an R-module homomorphism. We define the kernel
of ¢, denoted ker(¢), to be

ker(¢) ={f € M | ¢(f) =0},
and the image of ¢, denoted im(¢), to be
im(¢) = {g € N | there exists f € M with ¢(f) = g}.

A submodule of the module M is a set M’ C M such that M’ is a module with the
same operation as in M. A

A simple verification using the definition of a module proves the following propo-
sition.
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Proposition 4.1.2. Let ¢ : M — N be an R-module homomorphism, where M, N
are R-modules. Then ker(¢) and im(¢) are submodules of M and N respectively.

Example 4.1.3. Let R = k[z,y], and let M be the set of all solutions (z1, 9, z3) €
R? of the linear equation

l‘Xl + (y3 — 5)X2 + X3 = O

Then M is a free R-module and it has a basis b; = (0,1,5— %) and by, = (1,0, —x).
We prove this as follows. Let (f1, f2, f3) be a solution of the equation. Then

fs=—afi+(B—y’)fa = fibi + fobo.

Therefore, {b1, by} is a generating set of M. Now suppose there exists f, g € R such
that fb; = gbs. Then we would have that ¢ = 0, f = 0, so b; and by are linearly
independent over R, and therefore {b, bs} form a basis for the module M. O

4.2 Syzygies

In the last section we saw that the kernel of a map between modules is itself a module.
Algebraists harbor a special interest in kernels of maps and their generators. Our
short introduction to the theory of resolutions given in the previous chapter suggests
the fact that the sequence of kernels of homomorphisms starting with some module
M in R™ plays an important role in computing Hilbert series. Another definition
for the kernel module is the syzygy module.

Definition. Let M C R™ be the module generated by the set F' = {f1, fa,... fs}
The syzygy module of F', denoted by Syz(F') (also denoted by Syz(fi, f2, ... fs)) is
the set

Syz(f1, fo, - fs) ={(91,92,. .. 9s) € R*| figr + faga + -+ + fegs = 0},

An element of Syz(F) is called a syzygy. A

In other words, Syz(fi, f2, ... fs) is the kernel of the map R®* — M given by
e; — fi. Syzygies are sometimes called relations, and so Syz(F') is also called the
module of relations of M.

We now introduce some notation regarding the generators of a module.

Definition. Let M C R™ be the module generated by the set F' = {f1, fa,... fs}
Suppose also that f; = (fi1, fio, - - fim)?. Then we will let the matrix mat(M) be as

follows
fu fa .. fa
mat(M) — f.12 f?2 f;s2

i fom oee fom
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and say that mat(M) is the generating matriz of M. In fact mat(M) is the image
of the map R®* — R™ given by ¢; — f;. A

In order to better understand this new concept we will further present an example.
We will use Macaulay 2 to compute the syzygy module, since the algorithm described
in [7] is tedious and is not pertinent to our interest in this paper.

3
Py x oy
m:
(y2 y yg:r)

be the generating matrix mat(M) of the module M C k[z,y|. We will present here
the Macaulay 2 sequence of commands that would produce the syzygy of the module
generated by the matrix m. The lines that start with ¢ represent the command-lines,
and those starting with o represent the output:

Example 4.2.1. Let

il: R = QQ[v,y]

ol=R

ol : Polynomial Ring

i2 : m = matriz{{z* xy, v, y}, {v* y,y° * 2} }

2=|x3yzry |
| y2 y xy3 |

02 : Matriz R* < — — —R?

13 8Yyz m

03={4} | —22y2+y —22y+1|
{1} |24y3 —y2  zdy2—y |
{4} | =23y +zy — a3+ |

03 : Matriz R*> < — — —R>.

This tells us that the the module of syzygies of m is the module generated by the
columns of the above matrix 03, namely

by = (—x2y2 +y, 2l — % =2y + xy),T and
by = (—2’y + 1,2%y" —y, —2* + )"

Note that, for the matrices 02, and 03 obtained from the above commands, it is
true that

02 03 = 02><2,

where Ogx9 is the 2 X 2 zero matrix. Therefore, b; and by are indeed syzygies for the
module generated by m. O
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4.3 Freeness of modules generated by matrices in polynomial rings

In an attempt to better understand when a module is or is not free, we considered
particular modules, such as those generated by polynomials in one variable, and
those generated by r-tuples of polynomials in n variables. The work done in this
section consists of my results.

Recall that a module is free if and only if it has a basis. That is, a module is free
with a given generating set as a basis, if the only syzygy on the generating elements
is the trivial one. In this case the syzygy module is 0. Notice that when the module
M is generated by a single element, then M is free.

Theorem 4.3.1. Let R = k[z]| and let

I = <p17p27"'pk> g R

be an ideal in R. Then I is free, viewed as a module over R.

Proof. Since [ is an ideal of R, and we know that R = k[z] is a Principal Ideal
Domain, we have that all ideals are generated by a single element. Therefore, I is
free, for any polynomials p; € R. O

A more complicated situation occurs if M C R™ for some n. A similar result can
be obtained in this case, and it is given by the following theorem

Theorem 4.3.2. Let R = k[x] and M C R' be a module. Then M is free.

For a proof of 4.3.2, see [6, Theorem 3.7].
We now turn our attention to the more general case of a polynomial ring in p
variables.

Theorem 4.3.3. Let m be an n X n matrix with entries in R, where R =
klz1,22,.. .2, such that the columns of m generate the module M. If det(m) # 0
then M s free.

Proof. Let
ay; Q12 ... Qi
a21 Q29 ... Q9pn
m =
Ap1 Ap2 ... Qpp
Let

v=(v1,vy...0,)"

be a syzygy on the columns of m. Then

U1 0
(%) 0
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We have that

ay; Qi ... Qi U111 a2 ... Qip
21 A29 ... Q9 V1A21 Q22 ... Q2pn
U1 . . . =
Ap1 Ap2 ... Qpn V1p1 Qp2 ... Qpp
V1411 + V2012 + ...+ VA1, Q12 ... Qip
V1G21 + V2092 + ... + VA9, Q22 ... Qo
V1Gp1 + V2Qpo + ... + UnQpy, Ana ... Gpp
0 a2 ... Qipn
0 ag2 ... QAgpn
= = 0.
0 Ap2 ... QApp

So we have obtained that
videt(m) = 0.

Since R is a integral domain, and det(m) # 0, then it must be the case that v; = 0,
so vy is the zero polynomial. From a similar argument it follows that vo = 0,v3 =
0,...,v, = 0. Therefore, there is no nontrivial syzygy on the columns of m, and so
there is no nontrivial syzygy of the generators of M, thus M is free. O

The case when the determinant of the generating matrix is 0 is more complicated.
We will only look at 2 x 2 matrices of polynomials in r variables, where r > 2,
since we have already discussed freeness of modules in k[z] (see Theorem 4.3.2).

Theorem 4.3.4. Let
_ (a1 a2
m = ’
(CL21 a22)

where the a;;’s are polynomials in R = k[, s, ..., z,], withn > 2 and det(m) = 0.
Then the module M generated by m is free.

Proof. Since det(m) = 0 we will have that
A11G22 = Q12021

Since R is a unique factorization domain, the a;’s must factor uniquely as
ayr = fifer - fm

Q22 = G192 * Gr,
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where the f;’s and g;’s are irreducible over R. Then, it follows that a2, as; are each
a combination of products of the factors f; and g;. If no factors of as occur in as;,
then a;; must divide ajo. In this case we can deduce that as | age, and therefore
one column of m is multiple of the other, implying that M is generated by a single
element. In this case there is no syzygy on this generator, and so M is free.

Now suppose without loss of generality that

as = fifa-- 'fk:91929k:m

and so
a12 = fer1 fmGrot1 " Gr-
Then, let
f=Fffe froand f'= fogr- - fn,
and let

9 = 91929k, a0d ¢’ = Grot1 - Gr-

I af ’)
m = .
(fg’ 99
Note that there exists a syzygy on the generators of M, namely (—g, f)?. However
this does not necessarily mean that M is not free.

/ /
Let by = f (ch,) and by = g (ch,) be the generators of M.
Let d = ged(f, g). We will show that M is generated by

c:d<f:).
g

Let N be the module generated by c. It is easy to see that M C N since d | f, and
d | g, implying that any element that can be written as a linear combination of b;

and by can be written as a multiple of ¢ also. We need now prove that N C M. Let
/

p=ca=d (g’) a, be an element of M. Since d = ged(f, g), there exist polynomials
(1 and (B such that d = B, f + (G29. Then

It follows that

p=a(fif + B29) (gll)

= Oéﬂlf(JgC//) + afag (g//)
= O[ﬁlbl + Olﬁgbg.

Therefore, N C M and since M C N, we obtain M = N. This proves that M is
generated by only one element, thus M is free. O
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Corollary 4.3.5. If m is a 2 X 2 matriz with entries polynomials in n-variables
generating the module M, then M 1is free.

Proof. The proof follows by putting together the results of Theorem 4.3.3 and
Theorem 4.3.4. O

Conjecture 4.3.6. A n x n matriz m with det(m) = 0 generates a free module M
iff each column vector is a multiple of one fixed column vector, say vy, that is, if M
1s generated by only one element.

4.4 Resolutions of Modules

As we have seen in the previous sections, given a module M generated by a set of
elements fi, fo... fm, it is important to know what relations these generators satisfy,
this is, to know Syz(f1, f2, - - -, fm)- By knowing this we have more information about
the module itself, such as if it is free or not, what its graded structure is, if any,
and so on. In order to know about the module S; = Syz(fi, f2... fm), we need to
have some knowledge of the generators of S; and also of the syzygy module on the
generators of Sy, called the second syzygy module, and so on. In this way we need
to consider the sequence of generators and syzygies, called a resolution of M.

Definition. Let F' = {f1, fo... fm} be a set of polynomials in R*. We denote by
Syz;i(F) the ith syzygy module of F, as it is described above. A

Our goal is to show how resolutions play an important role in the theory of Hilbert
series.
We will start by formally introducing the concept of an exact sequence.

Definition. Consider a sequence of R-modules and homomorphisms
e Mi fi—tl Mzi -1

We say that the sequence is exact at M; if im(fi+1) = ker(f;). The whole sequence
is exact if it is exact at each M;. AN

Some observations can be easily proven.

1. The sequence
ML N0

is exact iff f is surjective.

2. The sequence
0—MLN

is exact iff f is injective.
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3. The sequence
0—>ML N0

is exact iff f is bijective.
Given a homomorphism f: M — N one can construct an exact sequence as follows
in the next proposition

Proposition 4.4.1. For any R-module homomorphism f: M — N, we have an
exact sequence

0 — ker(f) Loyt NG coker(f) — 0,
where coker(f) = N/im(f).
For a proof of the above see [7].

Definition. Let M be an R-module. A presentation for M is a generating
set f1, fo... fi for M, together with a set of generators for the syzygy module
Syz(fi1, fa, .- ft). A presentation matrix A of M is the matrix obtained by writ-
ing the generators of Syz(fi, fa, ... f:) as the columns of A. A

Another way of seeing a presentation is by means of an exact sequence of the form
R* % RSB M — 0,

where s is the cardinality of a set of generators for Syz(fi, fa, ... fi), where g is the
generating matrix of M, and ¢, is given by the presentation matrix A of M.

Note that the presentation of M might not be unique.

In some of the sequences above, we had that the occuring modules were of the
form R™. We now define them formally as below.

Definition. Let M be an R-module. A free resolution of M is an exact sequence of
the form
RN DNELY ALY NEL YNy}

with F; = R} for some r € N for all ¢. The resolution is finite if there exists some
integer [ such that F; # 0 and F; = 0 for ¢ > [. In this case the resolution is called
of length | and it is written as

O—-FH—-F ,— - —>FK—>F—>F—>M-=—0.

Here is an example of a finite free resolution of an ideal in R.

Example 4.4.2. Let
I = (2" —yw? yz — zw,y® — 2°2,12% — y*w)

be an ideal in R = k[z,y, z, w].



4. MODULES, SYZYGIES AND RESOLUTIONS 35

We will form a free resolution of I. Using Macaulay 2, one can compute the
generators of Syz;, the ith syzygy module. The following are the results:

0O —z 0 —y
xz yw y: 22
—w 0 -z 0
-y oz —r w

Syz =

and

Syze =
x

Thus, since M has 4 generators and Syz; has also 4 generators, then
R'—R'—-I1—0

is a sequence contained in the free resolution of /. Now, since the second syzygy
module is generated by one element, we conclude that a finite free resolution of I is

0-R—>R*>R‘'—>T—0.
O

The question that can be raised from the above is does there exist a finite res-
olution for any R-module? The answer is no, in general. However, for polynomial
rings the answer is yes, as asserted by the following theorem, which is proved in [7,
Theorem 2.1].

Theorem 4.4.3 (Hilbert Syzygy Theorem). Let R = k[zy,xa,...2,]. Then
every finitely generated R-module has a finite free resolution of length at most n.

Notice that the theorem asserts the existence of such a resolution.
We will again not produce a proof of the Hilbert Syzygy Theorem since it involves
technical details that are not relevant in our study.

4.5 Resolutions of Graded Modules

It turns out that more information about the structure of a module can be re-
trieved from its resolution if the module is graded. Recall from Chapter 2 that
R = k[zy,x9,...1x,] is a graded algebra and can be written as

R = @;‘EORD
where the R;’s are k-vector spaces of homogeneous polynomials of degree i, and
R;R; C Riy;.
We need to define formally what a graded module is. The definition of a graded
module is very similar to the definition of graded algebras given in Chapter 2.
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Definition. A graded module over a graded algebra R is a module M and a family
of vector spaces M;, with t € Z that satisfy the following properties

1. M = ®ez M,
2. RsM; C My, for all s > 0 and t € Z.

The elements of M; are called homogeneous of degree t. A

The most familiar examples of graded modules are homogeneous ideals I and
their quotient rings R/I. Also, the free modules R™ are graded modules, since by
defining (R™); = (R;)™ we obtain a grading, that is, the elements of (R™); are the
m-tuples whose entries are homogeneous elements of degree t.

In order to compute the Hilbert function of a module, as we will see later in this
section, we will need to know a free resolution of M. One condition that needs to
take place in order for the computation to be possible is to have the homomorphisms
between the free modules carry elements in the domain to elements of the same
degree in the codomain. These homomorphisms will be called of degree 0. We will
give a formal definition of graded homomorphisms later in the section. Now, in order
to get from any free resolution to one where all the homomorphisms are of degree
0, one needs to perform a shifting in the grading of the free modules occuring in
the resolution. This means that if a monomial in R is of degree ¢, then by applying
a shifting by d, denoted by R(d), the same monomial in R(d) would be of degree
t + d. Below we formalize all these new ideas and concepts.

Proposition 4.5.1. Let M be a graded R-module, and let d be an integer. Let M(d)
be the direct sum

M(d) = ®rezM(d)s,
where M(d); = Mgy Then M(d) is also a graded R-module.
Proof. Since M is a graded module, then M = @,z M,., with each M, an additive
subgroup and such that R;M, C M,,s. We then have that My, is an element of
{M, | r € Z}, and so My, is an additive subgroup of M (d). Also RsMgy; C Mgiqiy

since M is a graded module. This ends the proof, so we can conclude that M(d) is
a graded module. O

The graded module (R™)(d) has the same standard basis as R™, but since
R(d)_4 = Ry, the standard basis of R™(d) is homogeneous of degree —d. The module
R(d) is called shifted or twisted, and d is called the shifting or the twist.

Proposition 4.5.2. Given integers dy,ds, . ..d,,, then
M = R(dy) ® R(ds) @ --- & R(d,)

1s a graded, free module, where the basis elements are homogeneous of degree —d;
for1 <1< m.
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Proof. Since each R(d;) is nothing else but the module R where the degrees have
been shifted by the constant d;, it follows that R(d;) is isomorphic to R, for any i,
so R(d1) ® R(ds) @ - - - @ R(d,,) is isomorphic to R™, and therefore it is free.

Now let M; = R(dy): @ R(d2): @ - -+ @ R(d,,):. We will show that M; defines a
graded structure on M. Since as we have seen above R(d;) is a graded module, for
each 7 we have that

R(d;) = ®rezR(d;),.

Therefore,
M = (®rezR(d1);) @ (Brezl(da),) & - - & (BrezR(dm)y)
= Orez(R(d1): @ R(da); @ - © R(dp)e)
= Bz M;.
Now
R M; = Ry(R(d1); ® R(ds); @ -+ - ® R(dn)t)
= RsR(d1); ® RsR(d2); @ -+ - & RsR(dp )¢
C R(d1)t1s @ R(d2)i1s @ - D R(dp) 1
= Mt-i—s‘
This concludes the proof of the proposition. O

Other important concepts that we need to define are graded homomorphism and
degree of a homomorphism. Here are the formal definitions.

Definition. Let M and N be graded modules over R. A homomorphism
¢: M — N
is said to be a graded homomorphism of degree d if
¢(M;) C Niyg

for all t € Z. A

Theorem 4.5.3. Let
M = <f17f27"'7fm>

be a graded R-module and suppose the polynomials f; are homogeneous of degree d;.
Then the following homomorphism is graded of degree 0

qb . R(—dl) D R(—dQ) D... R(—dm) — M,

where ¢(e;) = f;, with the e;’s being the standard basis elements of R™, but deg(e;) =
d;. Also ¢ is a surjective function.
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Proof. From proposition 4.5.2 we have that the degree of ¢; is d; in the module
R(—dy) ® R(—dy) ® ... R(—d,,). Let

Nt - R(_dl)t @ R(—dg)t @ . e R(_dm)t
- Rtfch @ Rtfdg @ cee Rtfdm-

Let g = (91,92, --,9m) € N, meaning that each g; has degree t — d;. Then

g=ag1e1+ gea+ -+ gmem,

and
o(9) =nfi+g2fo+ -+ gnfn € M.

Since deg(g;fi) = deg(g;) + deg(f;) =t — d; + d; = t then
P(g) € My = Myyp.

This concludes the proof that ¢ is graded of degree 0. Moreover, since for any h € M,
there exist hq, ho ... h,, such that

h=hifi 4+ hpfm,
then there exists
h' = hiey + -+ + hpmenm € R(—dy) @ R(—dy) @ ... R(—d,,).
Therefore ¢ is onto, and this completes the proof of the proposition. O

Similarily, more general graded homomorphisms can be proven to exist. For ex-
ample

Theorem 4.5.4. i) Let A be an m x p matriz with all the entries homogeneous
polynomials of degree d in R. Then

¢: RP — R™,

defined by
o(f)=Af
for all f € RP, is a graded homomorphism of degree d.

i) Let A be a matrix such that each column i has entries homogeneous polynomials
of degree d;. Then

¢Z R(—dl) D R(—dg) D---D R(_dp) — Rm7

defined by
o(f)=Af
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for all f € R(—dy) ® R(—ds) @& --- ® R(—d,), is a graded homomorphism of degree
0. Note that the d;’s can vary from column to column.

iii) Let A be a matriz such that the element a;; for each i,j is a homogeneous
polynomial of degree d; — ¢; in R. Then

¢: R(—=dy) ® R(=d2) @ --- @ R(=dp) = R(=¢1) © R(=¢2) ® -~ @ R(—cnm),

defined by

o(f) =Af
for all f € R(—dy) ® R(—ds) ® - -- ® R(—d,) — R(—c1) is a graded homomorphism
of degree 0.

We will not include the details of the proofs in here, but the ideas used are the
same as in the Theorem 4.5.3. Notice that the theorems asserts what shiftings we
should perform in order to obtain the 0-degree homomorphisms that we need for
computational reasons.

We call the the matrix A from Theorem 4.5.4 a graded matrix. We have by now
acquired most of the necessary information to go back to the Hilbert series. We are
now in the position of understanding a new means of computing Hilbert functions.
But before that, we introduce a new definition which we will discuss in detail in an
example.

Definition. If M is a graded R-module, then a graded resolution of M is a resolution

of the form
S B2 % M0,

where the F;’s are twisted free graded modules of the form R(—d;) @ ---® R(—d,),
and the homomorphisms between them are graded of degree 0. In this case the ¢;’s
are given by the graded matrices described in the Theorem 4.5.4. A

Example 4.5.5. We will now form a graded resolution of the ideal from example
4.4.2. Recall that

I = (2 —yw® yz — vw,y® — 2%z, 22> — y*w),

so I is a homogeneous ideal of R = k[z,y, z, w].
Then by Theorem 4.5.3 we have that there exists a graded homomorphism of
degree 0 of the form

R(=3)® R(-2) ® R(-3)> —» M.
Here, the shifting in degrees are the respective degrees of the generators. Now, recall
that the first syzygy matrix was

0O —x 0 —y

2 2

|z oyw oyt oz
A= —w 0 —z 0
-y Z —r w
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We want to use Theorem 4.5.4 in order to find a graded module F; such that there
exists a homomorphism

Fy — R(-3) ® R(-2) ® R(-3)*.

So we need take ¢; = c3 = ¢4 = 3, and ¢y = 2. Now suppose A is the graded matrix
that defines the wanted homomorphism. Then, with a little bit of computation we
obtain dy = dy = d3 = dy = —4, so the following is a homomorphism degree 0

R(—4)* 3 R(—3) @ R(—2) ® R(—3)*.

Now, again the second syzygy module is defined by

We want to make B the graded matrix that defines a graded homomorphismof
degree 0 of the form

R(a)) & - @ R(ay) 2 R(—4)™.

Since B has only one column then £ = 1. In this case, applying Theorem 4.5.3 we
have that ¢; = ¢y = ¢3 = ¢4 = 4. Also, the column of B is homogeneous of degree 1.
So d; — ¢; = 1, implying d; = 5, and so,

R(=5) — R(—4)",

is the wanted graded homomorphism. By putting everything together we obtain the
following graded resolution of M.

0 — R(=5) — R(—4)* = R(-3) ® R(-2) ® R(-3)* - M — 0.

We can now compare it to the classical resolution computed in the Example 4.4.2
given by
0—-R—R'-R'—- M—0.

We must notice that the graded resolution provides us with a better insight in the
structure of M than the classical one. The resolution tells us now what are the
degrees of the polynomials occuring in the sysyzies modules and also, it tells us how
many generators these syzygy modules have. We will see later how easy it will be
to compute Hilbert functions knowing a graded free resolution of a module. O

One more helpful fact we know about graded resolutions is described in the the
Graded Hilbert Syzygy Theorem that we cite from [7] below.

Theorem 4.5.6. Graded Hilbert Syzygy Theorem Let R = k[xq,xs,...,x,]. Then
every finitely generated graded R-module has a finite graded resolution of length at
most n.
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4.6 Computing Hilbert Functions

In this section we will show how to compute the Hilbert function of a graded module
knowing the shifts. We will end up by proving that the Hilbert and Serre Theorem
that we encounted in Chapter 2 holds for modules over polynomial rings, not only
for ideals. The theorems presented in this section are cited from [7]. We added the
proofs.

Both in a finitely generated graded module and graded algebra, the homogenous
elements have a vector space structure. Therefore, we can adopt the same definition
of a Hilbert function for modules as for graded algebras. Namely,

A standard result in algebraic combinatorics that gives the number of monomials
of degree d in a polynomial ring in n-variables is presented in the following theorem.
Theorem 4.6.1. For R = k[xq,xs,...,x,| we have that

n+t—1
H(R,t) = :
o= ("1

Proof. We will represent the monomial z{*x5? - - - %" as the n-tuple (aq, ag, . .., ay).
We will allocate t imaginary slots that will be filled eventually with the integer unit
1, and n — 1 slots that will be filled with a delimiter, say |, that will mark the end of
a sequence of 1’s. We will represent the n-tuple (ay, as, ..., a,), as a; units in a row,
followed by a vertical bar, followed by as units in a row, followed by a vertical bar,
and so on, until the last a, units. Notice that the number of monomials of degree
t in R is exactely the number of possible combinations in which one can place the
n — 1 bars in the n + ¢ — 1 slots. The later number is (”::1), which concludes the
proof. O

Proposition 4.6.2. If M is a finitely generated graded R-module and M (d) is the
twist defined in Proposition 4.5.1, then

H(M(d),t) = H(M,t + d).

Proof. By the definition,
M(d) = ®iezM(d):,

where M(d)t = Md+t' SO7
dlmkM(d)t = dimkMd+t
and therefore, it follows that

H(M(d),t) = H(M,t + d).
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Using Proposition 4.6.2 together with Theorem 4.6.1, we obtain the next corollary.
Corollary 4.6.3. For R = k[xy, s, ..., x,], we have

n—1

}“m®¢%26+d+n—1)

Proposition 4.6.4. If M and N are finitely generated graded modules, then
H(M @& N,t) =H(M,t) +H(N,1t).

Proof. The grading on M & N is given by the gradings of M and the grading of
N, namely
(M@N)t — Mt@Nt'

Since M and N are finitely generated, so are M; and N;. Notice that M; and N; are
vector spaces over k. Like in direct products of vector spaces, we have that the any
element (f,g) € M; ® N, can be obtained as a linear combination of elements of the
forms (f;,0) and (0, g;), where 1 < i < dimyM,; and 1 < j < dimyN;. Therefore,

dim(M & N); = dimy My + dimyNy.
This concludes the proof. O

Proposition 4.6.4 provides an easy way of computing the Hilbert function of mod-
ules that look like M = N & N & --- N, where there are p copies of N. This is

H(N®N@---N,t)=pH(N,t).
This implies that
H(RP,t) = pH(R, ).

We are now able to prove the result that will enable us to compute the Hilbert
functions of different graded modules. It is an important classical result regarding
graded resolutions, which we include next.

Theorem 4.6.5. Let R = k[z1,xq,...,2,], and let M be a graded R-module. For
any graded resolution of M of the form

0—F,—F,1—-—F—>M-—>0

we have

zm: JHFS

J=0
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Proof. Since in a graded resolution the homomorphisms are of degree 0 (mean-
ing that polynomials of a certain degree go to polynomials of the same degree by
applying the homomorphism), then we can restrict the sequence above to
fm fmfl fO
0— (Fm)sH(mel)s - _>(FO>S_>MS_>O
Recall now that the modules (F})s are vector spaces over k. Also recall that, if U
and V' are vector spaces over some field k£ and there is a homomorphism ¢ between

them, namely
p:U—=V,

then
dim U = dim ker(¢) + dim im(¢).

When we write dim X we mean dim; X. Therefore, for any 1 < ¢ < m, we have
that
dim F; = dim ker(f;) + dim im(f;).

Since the sequence is exact at every F; and at M we have that ker(f;) = im(fit1).
Since the homomorphisms are of degree 0, then an element of a certain degree is
carried to an element of the same degree. We prove that ker(f;) is a graded modules,
and by a similar argument im(f;11) is graded as well. We need to show that there
exists a grading on ker(f;). Suppose g = go+ g1 + - -+ g» € ker(f;), where the g;’s
are homogeneous of distinct degrees d;. We need to show that g; € ker(f;) for every
7. We have that

0= filgo+g+--+g)= Zfz‘(gj),
5=0

since f; is a homomorphism. Now, using the fact that f; is a degree 0 map, we have
that the fi(g;)’s are homogeneous of distinct degrees d;, where 1 < j < r. This
implies that f;(g;) = 0 for every j, which concludes that g; € ker(f;). Thefore, there
exists a grading on ker(f;), namely

ker(fi) = @sez(ker(f;) N Ms).

Thus, for the sequence 4.6 we obtain the following sequence of equalities
dim M = dim im(fy)

= dim (FO)S — dim ke?“(fo)
= dim (Fy)s — dim (Fy)s + dim ker(f;)

[
3

=) (=1)'dim (F)s.

1

.
I
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Therefore,

I
3

H(M,s) =) (=1)"H(EF,s).

i=1

and so we have proven the theorem. O

Corollary 4.6.6. Let R = k[xy,xs,...,2,], and let M be a graded R-module. For
any graded resolution of M of the form

0—F,—F,1— - —F—>M-=—>0

we have

Zm: 1)/ F(F;,t).

7=0
Proof. The proof follows easily by summing over all the ¢’s in Theorem 4.6.5. [

Theorem 4.6.7. Let R be as above, and let M be an R-module, such that
M = R(~d)* @ - & R(~d)°",
where d; € 7. and ¢; € N, for 1 <i < m. Then the Hilbert series of M is given by

et 4 - 4 e tdm

(1=t

F(M,t)=

Proof. Recall that one of our first results were that

and also
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n+it—d—1 i
n—1
(n+j_1>tj+d
n—1
—d

(4T =1 a1
7t t
(n—l) +Z( n—1

J=0

Also, we have that

F(R(=d),t) =

||
LI Me L)

I
(]

j:_
: n—1
=0

d n+j—1
(L)
=t'F(R,1)

1
(1 . t)nJrl :

<

— d

Then by applying the theorems above we have that

F(R(=d)* @ - -+ ® R(=dp)™, 1) =

which concludes the proof. O
Example 4.6.8. Let I C k[z,y, z,w] be
I = {xz—y* 2w —yz,yw — 2°).

We will compute a graded resolution of I and using the results so far we compute
the Hilbert functions.
Using Macaulay 2 we obtain

w oz
Syzni=| -z —y
Yy x
and
Syzy = 0.

Using Theorem 4.5.3 we have a homomorphism of the form

R(—2)% — I,
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since [ is generated by 3 elements and each degree of the generators is 2. We will
now use Syz; to define the homomorphism between

R(—d,) @ R(—dy) — R(—2)3.

Theorem 4.5.4 asserts how we can find d; and dy. Since all the polynomials of Syz;
are of degree 1, we have that dy = dy= 2 4+ 1= 3, where the 2 comes from the
fact that all the shifts in R(—2)? are 2. Therefore, we obtain the following graded
resolution for [

0— R(-3)* = R(-2)> -1 —0.

By Theorem 4.6.5 we have that
H(Ia t) = H(R(_Q)Sa t) - H(R(_3)27 t)
=3H(R(-2),t) — 2H(R(—3),1)

=) ()
(3940

Remember that algebraists usually compute the Hilbert series of R/ instead of the
Hilbert series of I. The same is true for the Hilbert function. So, once we know
H(I,t) in the example above, we can compute H(R/I,t) as below

H(R/I,t) = (tg?’) —3<t§1) +2(;).

Moreover, using the theorems above, the Hilbert series of I is

F(I,t) = F(R(—2)t) — F(R(-3)% 1)

3t —2t?
B
and the Hilbert series of R/I is
1—3t* +2t°
FR/It) = — =
( / ) ) (1 IR t>4

O

We will end this project by proving the theorem that motivated all this work.
Here is its statement.

Theorem 4.6.9 (Hilbert & Serre). Let R = k[xy,...,x,] The Hilbert series of
any finitely generated graded R-module M can be written in the form

p(t)
(1 —t)

where p is a polynomial with coefficients in Z.

F(M,t) =
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Proof. By Hilbert Syzygy Theorem we know that for any graded R-module M

there exists a free graded resolution of M of the form
0—F,—F,1-—F—>M-—0.

Also, we know by Corollary 4.6.6 that

F(M,t) = S (1) F(F;, ).

1=

3

o

Since each F; is free it means that each Fj is of the form

F; = R(—dn)™ @ R(—dp)™* @ ... R(—dp,)":.

Now, by using the Theorem 4.6.7 we obtain that indeed

F(M,t) =

where the polynomial p(t) has integer coeficients.
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Open questions

Recall that the Hilbert & Serre theorem states the fact that the Hilbert series of an
ideal I, or more generally of a graded module, is always equal to a rational function
of the form

p(t)

1=t

where n is the number of variables of the polynomial ring that contains /. One of
the questions on which I was working in the beginning, was on characterizing the I's
for which the roots of p(t) are integer values, or for which p(t) is divisible by t — a..
Unfortunately, I was not familiar enough with the vast theory of dimensionality
of which I only got some flavor later in the year, so I had to give up pursuing this
directions. Now that I know more about modules and graded resolutions, I feel there
might be something in this direction that would make a good approach to the initial
problem. So the above questions remain open and I think they would make a good
subject for a senior project.

Another place where I reached a dead end in my research was in finding a nice
formula for the p(t) of an ideal in 3 variables. I have already discussed the difficulty
of finding a way of representing the ideal, which led to the difficulty in computing
its Hilbert series.

In Chapter 4, I was trying to find an elementary proof for showing that any module
in one variable that sits inside a free module is itself free. We know that this is true
by Hilbert’s Syzygy theorem, but a direct proof involves the “structure theorem for
the finitely generated modules over a p.i.d”, which is not elementary. Now I have
started to doubt that an elementary proof can be produced. The reason for this is
that, given a generating matrix m for a module M, even if we find conditions for
m to have only null syzygies, we cannot deduce that M is free. We need to find a
minimal generating set for M, and such that it only has the trivial syzygy.
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R
m = .
T 2 1

Then we can deduce that there exists a syzygy module for the columns of m, namely

For example, take

x + 23
Syz = 1+ 22+ 2t
10 g8 6 2

This says that the module might be not free. Using Macaulay 2, we computed the
minimal generating set for the modules generated by the columns of m. This is
expressed by the columns of the below matrix

3 0
M=y By

If we now compute the syzygies on this generating set, we obtain that there are no
non-trivial syzygies, so the module generated by m is free.

So, it seems that we need a way to compute minimal generating sets, and I am
not totally sure but I think this way must involve computing Groebner Bases. So,
an elementary proof might not be possible.

One last theorem I have been trying to prove is the Conjecture 4.3.6. I have been
verifying it with Macaulay 2 for many examples. I could not achieve any progress,
so it remains open for other daring students.
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