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Dedication

To my family and to M.



Abstract

We completely characterize the Hilbert series of monomial ideals in two variables
using combinatorial and algebraic techniques. Since the concepts of modules and
resolutions play an important role in the study of Hilbert functions and Hilbert
series, we familiarize ourselves with these mathematical objects. Along the way we
obtain some results regarding freeness of modules, and we provide proofs for some
classical results about graded modules and graded resolutions. These lead us to
proving the Hilbert & Serre theorem for graded modules in polynomial rings, which
was our initial motivation for the project.
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1
Introduction

I started this project by analyzing the Hilbert series of monomial ideals. This is how
I came across a famous theorem by Hilbert & Serre, which asserts that the Hilbert
series of a monomial ideal is always a rational function. These functions are of the
form

p(t)

(1 − t)n
,

where n is the number of variables of the polynomial ring in which the ideal sits, and
p(t) is a polynomial with integer coeficients. I became interested in the polynomial
p(t), so I tried to characterize p(t) for monomial ideals in n variables. The main
results of my Senior Project in terms of original work consists of the characterization
of p(t) in 2 variables that is presented in Chapter 3. In order to understand proofs
about Hilbert series and Hilbert functions, I had to get familiar with new concepts
such as modules, syzygies and resolutions. Along the way I managed to prove some
minor results, and these are included in Chapter 4. I end the project by giving my
own proof of the Hilbert & Serre Theorem for general modules.



2
Preliminaries

In this chapter we introduce some basic definitions and concepts that we will use
throughout the project.

2.1 Graded algebras and homogeneous ideals

Let k be an infinite field.

Definition. A commutative k-algebra is a vector space A over k, which posseses a
multiplication operation, such that for every x, y, z ∈ A and α, β ∈ k the following
hold:

1. xy = yx

2. x(yx) = (xy)z

3. x(y + z) = xy + xz

4. α(xy) = (αx)y = x(αy)

5. α(βx) = (αβ)x.

�
Note that A is in fact a ring as well.

Definition. A graded k-algebra is a k-algebra that has a decomposition

A = ⊕n≥0An
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as a vector space over k such that

1)A0
∼= k;

2)AiAj ⊆ Ai+j for all i, j ≥ 0.

Each element x ∈ An is called homogeneous of degree n. �
Let R = k[x1, x2, . . . , xn] be the polynomial ring in n variables, over the field k,

where each xi has degree 1. This is the ring which we consider throughout the paper.
It easily seen that R is a graded algebra and we can express it as

R = ⊕n≥0Rn,

where Rn consists of the homogeneous polynomials of degree n. For a proof of this
statement see [8, Theorem 2.2.5].

We will now introduce the algebraic objects that we will be studying in great
detail.

Definition. A homogeneous ideal is an ideal generated by homogeneous polynomi-
als. �
Example 2.1.1. Let R = k[x1, x2, x3] and let I = 〈x4

1−x1x2x
2
3+x3

2x3, x
2
1+x1x3, x

3
3〉.

Since the generating polynomials are homogeneous of degree 4, 2 and 3 respectively,
we have by the definition that I is homogeneous. ♦
Definition. A monomial ideal I in a ring R is an ideal generated by monomials in
R. �
Example 2.1.2. Let R = k[x1, x2, x3, x4], and I = 〈x2

4, x1x
2
3, x2〉. Then I is a mono-

mial ideal. ♦
It is easily seen that a monomial ideal is also a homogeneous ideal.
Since an ideal of R is also a k-algebra, we can talk about graded ideals. We will

then say that I is a graded ideal if I = ⊕n≥0In, where In = Rn ∩ I.
The following theorem establishes a relationship between homogeneous ideals and

graded ideals. For a proof of the theorem as well as details of the observations that
follow see [1].

Theorem 2.1.3. Let I ⊂ R be an ideal. Then I is homogeneous iff I is graded, with
the grading In = Rn ∩ I.

It can be shown (see [8, Theorem 2.3.6]) that the quotient ring R/I of a graded
ring R and a graded ideal I is a graded ring also. So, if we can express

R = R0 ⊕ R1 ⊕ · · ·

and
I = I0 ⊕ I1 ⊕ · · · ,
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then
R/I ∼= R0/I0 ⊕ R1/I1 ⊕ · · · .

When I is a monomial ideal, each In is spanned by the monomials of I of degree
n. Further, each Rn/In is spanned by equivalence classes of monomials of degree n
in R/I. It is easily seen that there is a unique monomial in each equivalence class
(see [8]).

Example. Let R = k[x, y] and I = 〈xy2, x2〉 be a monomial ideal in R. Then
I = ⊕Ii. We have that I0 is spanned by the monomials from I that are of degree 0.
Therefore I0 = ∅. Similarly, I1 is spanned by the monomials of I of degree 1, so I1 =
∅. Further, we have that I2 = span{x2} since x2 is the only monomial in I2. Also, I3 =
span{x3, x2y, xy2}. It can also be showns that I4 = span{x4, x3y, x2y2, xy3}. Next we
can compute Rn/In. Since R0 = span{1} and I0 = ∅, we have that R0/I0 = span{1̄},
where the bar represents the equivalence class of the element 1. Similarly, R1 =
span{x, y} and I1 = ∅, so R1/I1 = span{x̄, ȳ}. Also, R3 = span{x3, y3, x2y, xy2},
and I3 = span{x3, x2y, xy2}, so R3/I3 = span{ȳ3}, and so on. In what follows we
will abuse notation by omitting the bars. ♦

2.2 Hilbert Functions and Hilbert Series

Definition. A graded k-algebra A = Σn≥0An is finitely generated if there exist a
finite number of elements y1, y2, . . . , yn such that A is spanned by the set of mono-
mials

{ya1
1 ya2

2 · · ·yan
n | 0 ≤ ai ∈ Z}

in y1, y2, . . . , yn as a vector space over k. �
Definition. Let A = ⊕n≥0An be a finitely generated graded k-algebra. The Hilbert
function of A is defined to be

H(A, n) = dimk(An)

where dimk An is the dimension of the vector space An over k. If I = I0 ⊕ I1 ⊕ · · ·
is a homogeneous ideal of A, we can also define

H(I, n) = dim In.

�
Note that if A is finitely generated, for each non-negative integer j there are

finitely many monomials of degree j among the generators of A. The monomials of
degree j from the set of generators of A generate Aj as a vector space over k, so Aj

is finitely generated for each j.
A nice representation of the dimensions of the components of an algebra A is given

by introducing the series having as coefficients the value of the Hilbert function at
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each homogenous component. In combinatorial terms, the Hilbert series of A is the
generating function of the sequence given by the Hilbert function.

Definition. Let A = ⊕n≥0An be a finitely generated k-algebra. The Hilbert series
of A is defined to be the generating function

F(A, t) = Σ∞
n=0H(A, n)tn.

Similarly, if I is a homogeneous ideal of A, then the Hilbert series of I is

F(I, t) = Σ∞
n=0H(I, n)tn.

�
We do not worry about convergence since we are working in the field of power

series.

Example 2.2.1. We compute the Hilbert series of R[x]. Since Ri = span{xi} = kxi,
we have that

R = ⊕n≥0 Rn

= span{1} ⊕ span{x} ⊕ span{x2} ⊕ · · ·
= k ⊕ kx ⊕ kx2 ⊕ · · · .

Therefore, H(R, i) = 1 for any i, and

F(R, t) = 1 + t + t2 + . . . =
1

1 − t
.

♦
When refering to Hilbert functions of ideals, algebraists like to study properties

of R/I rather than of I, primarily because of its uses in algebraic geometry. We
adopt the same convention in this paper. Since we are mainly going to compute the
Hilbert series of quotient rings R/I, it is of interest to see how the Hilbert series of
I relates to the Hilbert series of R/I.

Theorem 2.2.2. Let R = ⊕n≥0Rn be a graded k-algebra and I = ⊕n≥0In be a
graded ideal. Then

F(R/I, t) = F(R, t) − F(I, t).

Proof. A standard result in linear algebra states that given a vector space V and
a subspace W it holds that

dim(W/V ) = dim(W ) − dim(V ).

We know that each Rn, In and Rn/In are vector spaces, and In is a subspace of Rn.
Then,

dim(Rn/In) = dim(Rn) − dim(In).
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This implies that

H(R/I, n) = H(R, n) −H(I, n)

and by summing over all n’s the theorem follows.

The idea of this senior project was inspired by a theorem of Hilbert & Serre (see
[1, Theorem 11.1]), that makes an assertion about the Hilbert series of a module.
Since a module is in a way a generalization of an ideal, and since we do not yet
have the neccesary background regarding modules, we will formulate the theorem
in terms of ideals. The Hilbert & Serre theorem shows that for a polynomial ring
R and a homogeneous ideal I, the Hilbert series of R/I always has the form of a
rational function.

Theorem 2.2.3 (Hilbert, Serre). Given a graded polynomial ring R =
k[x1, x2, . . . xn] and a graded ideal I in R, then the Hilbert series of R/I can be
expressed as

F(R/I, t) =
p(t)

(1 − t)n ,

where p(t) is some polynomial in t and with integer coefficients.

We will prove this theorem in the more general setting of modules in Chapter 4.
The initial goal of this project was to determine p(t) for certain classes of mono-

mial ideals, in particular monomial ideals in two variables. The one-variable case is
relatively easy.

We start by noting that using Theorem 2.2.2, Theorem 2.2.3 holds also for the
homogeneous ideal I.

In fact, for any ideal I, we have H(I) is always equal to H(Im), where Im is some
monomial ideal (see [2, Chapter 9, Section 3, Proposition 9] for details).

For this reason, the results that we obtain for monomial ideals in this project hold
for any general ideals.

2.3 Combinatorial approaches to the study of Hilbert Series

In this section I will introduce some combinatorial approaches regarding Hilbert
series. One of the earliest questions that appeared regarding the Hilbert series was
to determine which sequences of natural numbers arise as the Hilbert series of some
ideal in R. Moreover, given a sequence that is the Hilbert series of an ideal, how can
one construct the ideal? Both questions were solved for ideals by Macaulay in 1927.
For a quick flavor of the results I will present his theorem.

First we need to state some definitions and results([5, Lemma 1.2]) that will be
used in the theorem.
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Proposition 2.3.1. Given h and d positive integers, then h can be written uniquely
as

h =

(
n0

d

)
+

(
n1

d − 1

)
+ . . . +

(
nj

d − j

)

for some j where n0 > n1 > . . . > nj ≥ 1 and ni ≥ d − i for 0 ≤ i ≤ j.

We will also use the following notation for simplifying the representations that
follow.

Definition. Let h be a positive integer written as in Theorem 2.3.1. We will make
the following notation

h〈d〉 =

(
n0 + 1

d + 1

)
+

(
n1 + 1

d

)
+ . . . +

(
nj + 1

d − j + 1

)
,

where 0〈i〉 = 0. �
Macaulay’s theorem ([4, Theorem 18.3]) gives a necessary and sufficient condition

for a finite sequence H to be the Hilbert function of some monomial ideal.

Theorem 2.3.2. H : N → N is the Hilbert function of some monomial ideal I iff
i) H(0) = 1;
ii) for all d > 0, if H(d) = h is written uniquely as

h =

(
n0

d

)
+

(
n1

d − 1

)
+ . . . +

(
nj

d − j

)
,

then

H(d + 1) ≤ h〈d〉 =

(
n0 + 1

d + 1

)
+

(
n1 + 1

d

)
+ . . . +

(
nj + 1

d − j + 1

)
.

Note that H(d) from the above theorem is actualy H(I, d) for some unknown ideal
I and some integer d. The theorem does not specifically tells one how to construct an
ideal I that has its Hilbert function a given series of integers. In her Senior Project
[8], Jaren Smith showed how such ideals can be determined in the two-variable case.

We will now show the method we mostly use for computing Hilbert series. In order
to obtain any computational results regarding Hilbert series of monomial ideals, we
first need to compute the Hilbert series of the general polynomial ring in n variables.
The theorem below completely answers this question. We will find the dimension
of In by counting the number of monomials that span In. Also, to compute the
dimension of Rn/In we will count the number of monomials in Rn and subtract the
number of monomials spanning In.

Theorem 2.3.3. Let R = k[x1, x2, . . . xn]. Then

F(R, t) =
1

(1 − t)n
.
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Proof. We will prove the theorem by induction on n (the number of variables). For
n = 1 we have seen in Example 2.2.1 that the theorem holds. Suppose now that it
holds in n − 1 variables x1, x2 . . . xn−1, so

F(k[x1, x2, . . . , xn−1], t) =
1

(1 − t)n−1
.

Let hi and gi be the Hilbert function H(R, i) and the Hilbert function H(k[x1, x2, . . . , xn−1], i)
respectively, for each i ≥ 0. A monomial p of degree i in k[x1, x2, . . . xn] can be writ-
ten as

p = xn
am,

where a ≥ 0, and m is a monomial of degree i − a, not involving xn. Thus, the
number of monomials of degree i that generate each Ri of k[x1, x2, . . . xn] is the sum
of the number of monomials of degrees less than or equal to i in k[x1, x2, . . . xn−1].
We then obtain that

h0 = g0

h1 = g0 + g1

h2 = g0 + g1 + g2

...

hn = g0 + g1 + g2 + . . . + gn.

Then the Hilbert series looks like

F(R, t) = h0 + h1t + h2t
2 + . . .

= g0 + (g0 + g1)t + (g0 + g1 + g2)t
2 + . . .

= (g0 + g1t + g2t
2 + . . .) + t(g0 + g1t + g2t

2 + . . .)+

+ t2(g0 + g1t + g2t
2 + . . .) + . . .

= (F(k[x1, x2, . . . , xn−1], t))(1 + t + t2 + . . .)

=
1

(1 − t)n−1

1

1 − t

=
1

(1 − t)n
.

Similar inductive arguments will be used later in the paper for proving more
complex results.



3
Hilbert Series of Monomial Ideals

In [8], Smith completely characterized the Hilbert functions of monomial ideals in
two variables. In this section we will present some general results about the Hilbert
series of monomial ideals and we will completely characterize the Hilbert series
of monomials ideals in two variables. As opposed to extending Smith’s results to
Hilbert series, we use a method completely independent from her work.

3.1 General facts in n variables

Theorem 3.1.1. Let I be an ideal in R = k[x1, x2, . . . , xr] and let

f(t)

(1 − t)r

be the Hilbert series of R/I, where f is a polynomial in t. Let I ′ be the monomial
ideal in R′ = k[x1, x2, . . . , xr, . . . , xn], with n > r, such that I ′ is generated by the
same monomials as I. Then the Hilbert series of R′/I ′ is

F(R′/I ′, t) =
f(t)

(1 − t)n
.

Proof. Note that it suffices to prove the theorem for n = r + 1. For n = r + 1, let
h0, h1, . . . and g0, g1, . . . be the coeficients of the Hilbert series of the ideal R/I, and
R′/I ′ respectively. Let m be a monomial of degree i ≥ 0 in R′/I ′. Then

m = m1x
j
r+1, with deg(m1) = i − j,

where i ≥ j ≥ 0, and m1 involves only x1, x2, . . . xr. Thus, the number of monomials
of degree i in R′/I ′ is the sum of the number of monomials of degrees less than or
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equal to i in R/I. Therefore, for degree i ≥ 0 we have that

gi = h0 + h1 + h2 + . . . + hi,

hence

g0 = h0

g1 = h0 + h1

g2 = h0 + h1 + h2

....

Then we obtain

F(R′/I ′, t) = g0 + g1t + g2t
2 + . . .

= h0 + (h0 + h1)t + (h0 + h1 + h2)t
2 + . . .

= (h0 + h1t + . . .) + t(h0 + h1t + . . .) + . . .

= F(R/I, t) + F(R/I, t)t + F(R/I, t)t2 + . . .

= F(R/I, t)(1 + t + t2 + . . .)

=
f

(1 − t)r

1

(1 − t)

=
f

(1 − t)r+1
.

Note that the general theorem follows by a simple inductive argument.

We next compute the Hilbert series of some special types of monomial ideals.
In the next section we quote a more general result by Stillman & Bayer [9] that
computes the Hilbert series of a any monomial ideal recursively. For what follows
R = k[x1, x2, . . . , xn].

Theorem 3.1.2. Let I = 〈m1, m2, . . . , mk, m〉 be a monomial ideal of R, such that
m does not contain any variable of m1, m2, . . . , mk. Let I ′ = 〈m1, m2, . . . , mk〉, and
let a = deg(m). Then

F(R/I, t) = F(R/I ′, t)(1 − ta).

Proof. As before, let h0, h1, h2 . . . and g0, g1, . . . be the coeficients of F(R/I ′, t)
and F(R/I, t) respectively. For i < a no monomial in R/I ′ is divisible by m, thus,
such monomials in R/I ′ are identical to the ones of the same degree i in R/I, and
therefore, hi = gi. Otherwise, if i ≥ a, let p be a monomial of degree i in R/I ′. Some
of the monomials of degree i in the generating set of R/I ′ are divisible by m, and
some are not. Those that are not divisible by m are identical to the monomials of
degree i in R/I, since no variable contained in m is involved in them. Let p be a
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monomial included in the generating set of the ith homogenuous ideal of R/I ′, such
that p = mp1 for some monomial p1 in R/I ′, with deg(p1) = i − a. Then p1 is not
divisible by any mi, and hence p1 is in the generating set of the i− ath homogenous
ideal of R/I ′. The number of monomials of degree i in R/I is obtained from the
number of monomials of degree i in R/I ′ by subtracting the number of monomials
divisible by m, thus of those of degree i−a in R/I ′. Henceforth, for i ≥ a we obtain
that

gi = hi − hi−a

and

F(R/I, t) = g0 + g1t + g2t
2 + · · ·

= h0 + h1t + · · · + ha−1t
a−1 + (ha − h0)t

a + (ha+1 − h1)t
a+1 + · · ·

= F(R/I ′, t) − taF(R/I ′, t)

= F(R/I ′, t)(1 − ta).

Corollary 3.1.3. Let R = k[x1, x2, . . . , xn] and let I = 〈m〉, where m is a monomial
of degree a. Then

F(R/I, t) =
1

(1 − t)n
(1 − ta).

Proof. Using the notation of the theorem, I ′ = 0 and so R/I ′ = R. From Theorem
2.3.3 we obtain that

F(R/I ′, t) =
1

(1 − t)n
,

so

F(R/I, t) =
1

(1 − t)n
(1 − ta).

We can now derive p(t) in the one-variable case.

Corollary 3.1.4. Let R = k[x] and let I = 〈xa〉. Then

F(R/I, t) =
1 − ta

1 − t
.

Proof. The proof follows directely from Corollary 3.1.3, by taking n = 1.

Corollary 3.1.5. Let R = k[x1, x2, . . . , xn], and let I = 〈x1
a1 , x2

a2 , . . . , xn
an〉 be an

ideal of R, with ai ∈ Z
+. Then

F(R/I, t) =
1

(1 − t)n
(1 − ta1)(1 − ta2) · · · (1 − tan).

Proof. Use n applications of the Theorem 3.1.2. Since all the variables are distinct,
the corollary follows.
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3.2 Characterization of the monomial ideals in two variables in
terms of Hilbert series

In the case of a polynomial ring R in two variables and an ideal I ⊂ R we completely
determine the expression of the Hilbert series of R/I. First note that if, say m1 =
xa1yb1 and m2 = xa2yb2 are among the minimal generators of I, then we cannot have
either of them dividing the other and so we must have either a1 < a2 and b1 > b2,
or a1 > a2 and b1 < b2. We are now ready for the theorem.

Theorem 3.2.1. Let R = k[x, y] and let I(n) = 〈xa1yb1, xa2yb2, . . . , xanybn〉 be such
that a1 < a2 < . . . < an and b1 > b2 > . . . > bn. Then, the Hilbert series of R/I(n)

is

F(R/I(n), t) =
1

(1 − t)2
(1 − Σn

k=1t
ak+bk + Σn

k=2t
ak+bk−1).

We will first prove a technical lemma.

Lemma 3.2.2. Let R = k[x, y], let I(n) = 〈xa1yb1 , xa2yb2, . . . , xanybn〉 and let
I(n−1) = 〈xa1yb1, xa2yb2, . . . , xan−1ybn−1〉, be such that a1 < a2 < . . . < an and b1 >
b2 > . . . > bn. Then

F(I(n), t) = F(I(n−1), t) + F(〈xan, ybn〉, t) −F(〈xan , ybn−1〉, t)

holds.

Proof. We represent the monomials xayb as the elements (a, b) of R
2, as in Figure

3.2.1. The monomials included in an ideal 〈xayb〉 are all the monomials xαyβ with
α ≥ a, and β ≥ b. We can represent in R

2 the monomial ideal 〈xayb〉 as the set of
all ordered pairs (α, β) where xαyβ is a monomial in 〈xayb〉.

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

����
��

b_n

a_1 a_2 a_n

b_{n−1}

b_2

b_1

a_{n−1}

Figure 3.2.1. Graphical representation of the ideal intersections

Let
A = {(a, b) ∈ Z

2 | xayb ∈ I(n−1)},
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given by points in and to the left of the shaded region of Figure 3.2.1, and let

B = {(a, b) ∈ Z
2 | xayb ∈ 〈xan , ybn〉},

given by points in and below the shaded region of Figure 3.2.1. It is easy to see that

A ∩ B = {(a, b) ∈ Z
2 | a ≥ an, b ≥ bn−1},

which is the representation in R
2 of the ideal 〈xanybn−1〉, given by the shaded region

of Figure 3.2.1. For each positive integer i let Ai and Bi be the sets {(a, b) ∈ A |
a + b = i} and {(a, b) ∈ B | a + b = i} respectively. Then

|Ai ∪ Bi| = |Ai| + |Bi| − |Ai ∩ Bi|,

where |X| denotes the cardinality of the set X. Thus, the number of monomials of
degree i in I(n) can be obtained by adding the number of monomials of degree i in
I(n−1) to the number of monomials of degree i in 〈xan , ybn〉 from which we subtract
the number of monomials of degree i of 〈xanybn−1〉. We can then write

H(I(n), i) = H(I(n−1), i) + H(〈xan , ybn〉, i) −H(〈xan , ybn−1〉, i).

By taking the sums over all i’s we obtain

Σi≥0H(I(n), i)ti = Σi≥0H(I(n−1), i)ti+Σi≥0H(〈xan , ybn〉, i)ti−Σi≥0H(〈xan , ybn−1〉, i)ti.

Proof of Theorem 3.2.1. We will use an inductive argument on n. For n = 1 we
have

I(1) = 〈xa1yb1〉
and so

F(R/I(1), t) =
1

(1 − t)2
(1 − ta1+b1).

Suppose the theorem holds for any ideal generated by n − 1 monomials. Then

F(R/I(n−1), t) =
1

(1 − t)2
(1 − Σn−1

k=1t
ak+bk + Σn−1

k=2t
ak+bk−1).

By using the lemma we obtain that

F(I(n), t) = F(I(n−1), t) + F(〈xan , ybn〉, t) − F(〈xan , ybn−1〉, t).

Since

F(R/I, t) = F(R, t) − F(I, t),



3. HILBERT SERIES OF MONOMIAL IDEALS 19

for any ideal I of R, it follows that

F(R/I(n), t) = F(R/I(n−1), t) + F(R/〈xan , ybn〉, t) − F(R/〈xan, ybn−1〉, t).

Then we obtain

F(R/I(n), t) =
1

(1 − t)2
(1 − Σn−1

k=1t
ak+bk

+ Σn−1
k=2t

ak+bk−1) +
1

(1 − t)2
(1 − tan+bn) − 1

(1 − t)2
(1 − tan+bn−1)

=
1

(1 − t)2
(1 − Σn

k=1t
ak+bk + Σn

k=2t
ak+bk−1).

3.3 Stillman & Bayer’s theorem

Stillman and Bayer developed the computer algebra software Macaulay, which is one
of the main tools used in algebraic geometry and commutative algebra for computing
Groebner Bases, resolution of ideals, varieties, and so on. In the latest version called
Macaulay 2 they improved the performance of some algorithms used by the earlier
version. The algorithm used by Macaulay 2 to compute Hilbert Series of monomial
ideals is based on the results of the theorem that we present in this section.

In order to introduce the general Stillman & Bayer’s theorem, we first define some
notation.

Definition. Let I, J be ideals in R. We define the colon (or quotient) ideal of I by
J , denoted by I : J , to be

I : J = {f ∈ k[x1, x2, . . . , xn] | fg ∈ I for all g ∈ J}.

If m is a monomial, we define I : m to be I : 〈m〉. �
Note that by construction, I : J is an ideal of k[x1, x2, . . . , xn].
For the next result we need the following definition.

Definition. Let f, m be monomials. Then let

f/m

denote the monomial f
gcd(m,f)

. �
Example 3.3.1. x3

1x2/x
2
1 = x1x2 and x3

1x
5
2/x1x2x3 = x2

1x
4
2 ♦

The next proposition characterizes I : m for a monomial ideal I and a monomial
m.
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Proposition 3.3.2. Let I = 〈f1, f2 . . . fr〉 be a monomial ideal and let m be a
monomial in R.

Then
I : m = 〈f1/m, f2/m, . . . fr/m〉.

Proof. Let f ∈ I : m. Then fm ∈ I, and so fm =
∑r

i=1 figi, where gi ∈ R for each

i. Since m is a monomial, it is true that m dividing
∑i=r

i=1 figi implies m | figi for
every 1 ≤ i ≤ r. Let f ′

i , and g′
i be such that f ′

ig
′
i = m and f ′

i | fi, g′
i | gi, where f ′

i is
the greatest common divisor of fi and m. It then follows that

f =

∑r
i=1 (figi)

m
=

r∑
i=1

fi

f ′
i

gi

g′
i

.

Note that fi/m defined above is the same as fi/f
′
i , therefore,

f ∈ 〈(f1/f
′
1), (f2/f

′
2), . . . , (fn/f ′

n)〉,

implies
f ∈ 〈f1/m, f2/m, . . . fr/m〉.

Now if
f ∈ 〈(f1/f

′
1), (f2/f

′
2), . . . , (fn/f ′

n)〉,
then f =

∑
(fi/f

′
i)gi for some gi in R. We have that

fm =
∑

(fi/f
′
i)gim =

∑
figi(m/f ′

i) =
∑

fipi,

where pi = gi(m/f ′
i), and 1 ≤ i ≤ r. In conclusion,

fm ∈ 〈f1, f2 . . . fr〉,

so fm ∈ I and therefore f ∈ I : m. This ends the proof of the proposition.

Example 3.3.3. Let I = 〈x3
1x

5
2, x

4
3, x1x

2
3〉 and let m = x1x2x3. Then I : m =

〈x2
1x

4
2, x

3
3, x3〉 = 〈x2

1x
4
2, x3〉. ♦

Finally, we can state the theorem that provides an algorithm for computing the
Hilbert function of general monomial ideals. The sequential algorithm that imple-
ments the theorem is used by the algebra software Macaulay 2. See [9, Proposition
2.2]

Theorem 3.3.4. Let I = 〈J, m〉 be a monomial ideal in k[x1, x2, . . . , xd], with J a
monomial ideal, and m a monomial of degree a. For any monomial ideal I let n(I)
be the numerator p(t) of the Hilbert series of R/I. Then

i) n(J ∩ 〈m〉) = 1 − ta + tan(J : m)
ii) n(I) = n(J) − tan(J : m).
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We will first prove a lemma that will be useful in proving this theorem.

Lemma 3.3.5. Let J = 〈f1, f2 . . . fr〉 be a monomial ideal, and h be a monomial in
R = k[x1, x2, . . . , xn]. Then

J ∩ 〈h〉 = h [J : h].

Proof. Let f ∈ J ∩ 〈h〉. Then f = hp for some p ∈ R. Then f = hp ∈ J , implies
that p ∈ J : h (by definition of J : h), and therefore f ∈ h [J : h].

Now let f ∈ h [J : h]. This implies f ∈ 〈h〉, where p ∈ J : h, which implies
f = hp ∈ J , again by definition of J : h. We conclude f ∈ J ∩ 〈h〉, and this ends
the proof of the lemma.

Proof of Theorem 3.3.4. i) Let A, B be two subsets of a set C. Then

C/(A ∩ B) = (C/A) ∪ (A/(A ∩ B)).

In our case C is the set of monomials in R, A is the set of monomials in 〈m〉, B is
the set of monomials in J . We then have

{monomials in R} / {monomials in (〈m〉 ∩ J)}
= {monomials in (R/〈m〉)} ∪ {monomials in (〈m〉/(〈m〉 ∩ J))} .

So, the monomials in R/(〈m〉 ∩ J) are those in R/〈m〉 and those lying in 〈m〉 but
not in J . By a previous theorem we know that

n(〈m〉) = 1 − ta,

where deg(m) = a. Also, by the lemma we have that

〈m〉 ∩ J = m[J : m],

implying that
n(〈m〉 ∩ J) = n(m) + n(J : m).

So, to count the rest of the monomials we only need to count those in R/(J : m).
We will now prove that D = 〈m〉/m[J : m] is isomorphic to R/(J : m). Note first
that every monomial in D has degree at least deg(m) = a, and so H(D, k) = 0 for
k < a.

Let φ : R/(J : m) → D be such that φ(g) = mg. Notice that if g ∈ R/(J : m) then
g �∈ (J : m), and so mg ∈ 〈m〉 /(J : m). Clearly φ is bijective, therefore we proved
the isomorphism. Each monomial f ∈ R/(J : m) with deg(f) = α corresponds to a
monomial f ′ ∈ D with deg(f ′) = α + a. This implies that

n(J ∩ 〈m〉) = 1 − ta + tan(J : m),

and concludes the proof.
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ii) We have that

n(I) = n(〈J, m〉) = n(J) + n(〈m〉) − n(J ∩ 〈m〉)
= n(J) + 1 − ta − (1 − ta + tan(J : m))

= n(J) − tan(J : m).

Let’s view our results so far, which are special cases of this theorem.

Example 3.3.6. Let’s verify Theorem 3.1.2.
Let

I = 〈m1, m2, . . . , mk, m〉 = 〈J, m〉.
By using ii) of Theorem 3.3.4 we have

n(I) = n(〈m1, m2, . . . , mk〉) − tan(J : m)

= n(〈m1, m2, . . . , mk〉) − tan(〈m1, m2, . . . , mk〉)
= n(〈m1, m2, . . . , mk〉)(1 − ta),

which is in conformity with our result.
In the case of Theorem 3.2.1, if

I = 〈xa1yb1, xa2yb2, . . . , xanybn〉,

with an the minimum ai and bn the maximum bi. Let the m from Theorem 3.3.4 be

m = xanybn,

and so

J = 〈xa1yb1, . . . , xan−1ybn−1〉.
Then

J : m = 〈xa1−an , xa2−an , . . . , xan−1−an〉
= 〈xan−1−an〉,

since a1 ≤ a2, . . . ≤ an−1 ≤ an. Then by the above theorem

n(I) = n(J) − tan+bnn(〈xan−1−an〉)
= n(J) − tan+bn(1 − tan−1−an).

Notice that by repeating the method inductively the result is identical to ours. ♦
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Now, given a monomial ideal I = 〈J, m〉 in three variables, we can easily deduce
the form of n(I), by considering the m from Theorem 3.3.4 as the monomial from
the generators of I that contains the highest power of one of the variables, say x1. In
this case, when the ‘division’ of J by m is performed, the variable x1 vanishes, and
so J : m would be a monomial ideal in only two variables which we have completely
classified in Theorem 3.2.1.

Example 3.3.7. Let
I = 〈x2

1x2, x1x
4
3, x

5
2〉,

and choose
J = 〈x1x

4
3, x

5
2〉

and
m = 〈x2

1x2〉.
Note that m contains the highest power of the variable x1. Then

n(I) = n(〈J, m〉)
= n(J) − t3n(〈x4

3, x
4
2〉).

By applying again the theorem, take

J1 = 〈x1x
4
3〉 and m1 = 〈x5

2〉.
Then,

n(J) = n(J1) − t5n(〈x1x
4
3〉)

= 1 − t5 − t5(1 − t5).

And now we can go back and compute n(I). ♦
Having a relatively easy fomula that enables us to compute the Hilbert series of a

monomial ideal in 2 variables, we first attempted to find a similar formula for 3 and
more variables. Unfortunately, we realized that our method does not generalize. The
reason for this is that we could not find a general form of expressing the ideals that
we were working with. More exactly, we could not find an ordering of the powers of
each variable occuring on the monomials of a similar form to a1 ≤ a2 . . . ≤ an, and
b1 ≤ b2 . . . ≤ bn that occurs in the two- variable case. So for three or more variables
we only can make repeated use of the Stillman & Bayer’s theorem presented above.

3.4 From Hilbert series to Modules and Resolutions

Until now we have proved theorems using mostly combinatorial means. In almost
every proof we have presented so far, we computed Hilbert series by computing
the Hilbert function as the number of monomials in each homogeneous component.
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There is another classical way of computing the Hilbert functions and Hilbert series
of monomial ideals. We are only going to sketch this approach in the current section,
without providing the necessary background for now. We do so to motivate our
further work in the area of homological algebra.

We will start by presenting an example that illustrates some of the concepts that
we will be working with.

Example 3.4.1. Let R = k[x, y] and let I = 〈x, y〉 ⊂ R. We will compute a free
resolution of I, that is, a sequence of free modules Ri and maps between these
modules

· · · → Rni
fi→ Rni−1

fi−1→ · · · f1

I→ 0.

We also need the sequence to be exact, that is, im(fi) = ker(fi−1). Since we have
two generators of I, choose the first free module in the sequence to be R2 and let
f1 : R2 → I, be defined by f1(e1) = x, and f1(e2) = y, where e1, e2 are the standard
basis in R2, namely e1 = (1, 0), e2 = (0, 1).

We now need to find the number of generators of ker(f1). With a bit of work
one can prove that e12 = (−y, x) generates the kernel of f1, and so, we choose the
second module in the sequence to be R. Now define f2 : R → R2 by f2(1) = e12.
Since ker(f2) = 0, we take the last module in the sequence to be 0. So we have
obtained the following free resolution of I

0
f3→ R

f2→ R2 f1→ I → 0.

Notice that the degrees of the generating monomials of I and of ker(f1) are 1. In
the next chapter we will formally define modules that are denoted by R(d) for some
integer d. For now, you should just know that this notation keeps track of degrees of
generators, and it is called a shifting in the grading of R. What the notation R(d)
basically means is that all the polynomials of degree t in R are considered of degree
d+ t in R(d). Another way of presenting the above free resolution, by keeping track
of the degrees of the generators of the kernels of these maps, is

0
f3→ R(−1)

f2→ R(−1)2 f1→ I → 0.

Having the resolution of I and the shift in grading, by a theorem that we will prove
later, we can compute the Hilbert function of I, as

H(I, i) = H(R(−1)2, i) −H(R(−1), i),

where i is a positive integer. Thus, knowing H(I, m) one can easily compute
H(R/I, m) and F(I, t). ♦

In general for any ideal I of R, it is a fact that there exists a free resolution of I,
that is, an exact sequence of free modules and homomorphisms

0
fr+2→ Rnr

fr+1→ Rnr−1
fr→ · · · f3→ Rn1

f2→ Rn0
f1→ I

f0→ 0,
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where the Rni ’s are free modules and the arrows represent the existence of homo-
morphisms between these modules. The sequence is defined iteratively, by taking
Rn1 to be the free module that contains the kernel of f1, and similarily Rn2 as the
kernel of f2 and so on. Moreover, the sequence contains a lot of information about
the structure of the ideal and about its grading, as we have seen in the above exam-
ple. In this general case of a degree 0 map, one can compute the Hilbert functions
of I in the following way

H(R/I, i) = H(R, i) −
r∑

j=0

(−1)jH(Rnj , i).

We will provide a proof of the above equality in the next chapter.
Now that we have introduced the concepts of resolution and module we are going

to present them in a more formal way. In the next chapter we will go a bit astray
from the Hilbert functions and Hilbert series, and try to achieve an understanding
of the new theory tasted in this section.



4
Modules, Syzygies and Resolutions

4.1 Modules

In this section we move from the Hilbert Series area to a different interest domain,
that of modules over polynomial rings. We will first provide a friendly introduction
to the field and present further areas of interest. Our approach is faithful to the one
of [7].

A module is an algebraic structure that behaves over a ring in a similar way to the
way a vector space behaves over a field. In a more formal way we describe modules
over a ring as it follows.

Definition. A module over a ring R (or R-module) is a set M together with an
action R×M → M (the image of (r, a) being denoted by ra) satisfying the following
properties for all r, s ∈ R and a, b ∈ M.

1) M is abelian group under addition.
2) r(a + b) = ra + rb
3) (r + s)a = ra + sa.
4) r(sa) = (rs)a.
5) if 1R is the multiplicative identity in R, then 1Ra = a for all a ∈ M . �
Note that if R is a field then the properties above describe a vector space.
One of the differences between vector spaces and modules is that, while a vector

space always has a basis (assuming the Axiom of Choice), modules might not have
one. For example, consider the ideal I = 〈x2, y4〉 in k[x, y]. Note that I is a vector
space over k, and that x2, y4 are linearly independent over k. Now consider I as a
module 〈x2, y4〉 over R = k[x, y]. In this case x2 and y4 are the generators of the
module, but there exist polynomials f = −y4, g = x2 such that fx2 + gy4 = 0.
Therefore, x2 and y4 do not form a basis for the module M .
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Given a ring R, a simple check shows R is a module over itself. Also, Rn is an R-
module, with the addition and scalar multiplication operations being the component-
wise ones. By a simple verification of the properties of a module given in Definition
4.1 one can deduce that if I is an ideal of a ring R, then I and R/I are R-modules.
This fact entitles one to say that modules are generalizations of ideals.

We have seen above that modules do not always have linearly independent gen-
erating sets or base. The modules that do have linearly independent generators are
called free.

Definition. A module M over a ring R is said to be free if it has a basis. �
Example 4.1.1. Let R be a ring and let M = Rn. Then R is a free module with
the standard basis

e1 = (1, 0, 0 . . .0)

e2 = (0, 1, 0 . . .0)

...

en = (0, 0, 0, . . .1).

♦
Definition. An R-module homomorphism between two R-modules M and N is an
R-linear map between M and N . More precisely, φ : M → N is an R-module
homomorphism if for all a ∈ R and all f, g in M , we have

φ(af + g) = aφ(f) + φ(g).

�
We recall next the definitions of the kernel and image of a map of modules, which

are identical to the similar definitions of maps between other algebraic structures
such as groups and rings.

Definition. Let φ : M → N be an R-module homomorphism. We define the kernel
of φ, denoted ker(φ), to be

ker(φ) = {f ∈ M | φ(f) = 0},
and the image of φ, denoted im(φ), to be

im(φ) = {g ∈ N | there exists f ∈ M with φ(f) = g}.
A submodule of the module M is a set M ′ ⊂ M such that M ′ is a module with the
same operation as in M . �

A simple verification using the definition of a module proves the following propo-
sition.
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Proposition 4.1.2. Let φ : M → N be an R-module homomorphism, where M , N
are R-modules. Then ker(φ) and im(φ) are submodules of M and N respectively.

Example 4.1.3. Let R = k[x, y], and let M be the set of all solutions (x1, x2, x3) ∈
R3 of the linear equation

xX1 + (y3 − 5)X2 + X3 = 0.

Then M is a free R-module and it has a basis b1 = (0, 1, 5− y3) and b2 = (1, 0,−x).
We prove this as follows. Let (f1, f2, f3) be a solution of the equation. Then

f3 = −xf1 + (5 − y3)f2 = f1b1 + f2b2.

Therefore, {b1, b2} is a generating set of M . Now suppose there exists f, g ∈ R such
that fb1 = gb2. Then we would have that g = 0, f = 0, so b1 and b2 are linearly
independent over R, and therefore {b1, b2} form a basis for the module M . ♦

4.2 Syzygies

In the last section we saw that the kernel of a map between modules is itself a module.
Algebraists harbor a special interest in kernels of maps and their generators. Our
short introduction to the theory of resolutions given in the previous chapter suggests
the fact that the sequence of kernels of homomorphisms starting with some module
M in Rm plays an important role in computing Hilbert series. Another definition
for the kernel module is the syzygy module.

Definition. Let M ⊂ Rm be the module generated by the set F = {f1, f2, . . . fs}.
The syzygy module of F , denoted by Syz(F ) (also denoted by Syz(f1, f2, . . . fs)) is
the set

Syz(f1, f2, . . . fs) = {(g1, g2, . . . gs) ∈ Rs | f1g1 + f2g2 + · · · + fsgs = 0}.
An element of Syz(F ) is called a syzygy. �

In other words, Syz(f1, f2, . . . fs) is the kernel of the map Rs → M given by
ei �→ fi. Syzygies are sometimes called relations, and so Syz(F ) is also called the
module of relations of M .

We now introduce some notation regarding the generators of a module.

Definition. Let M ⊂ Rm be the module generated by the set F = {f1, f2, . . . fs}.
Suppose also that fi = (fi1, fi2, . . . fim)T . Then we will let the matrix mat(M) be as
follows

mat(M) =




f11 f21 . . . fs1

f12 f22 . . . fs2
...

...
...

...
f1m f2m . . . fsm



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and say that mat(M) is the generating matrix of M . In fact mat(M) is the image
of the map Rs → Rm given by ei �→ fi. �

In order to better understand this new concept we will further present an example.
We will use Macaulay 2 to compute the syzygy module, since the algorithm described
in [7] is tedious and is not pertinent to our interest in this paper.

Example 4.2.1. Let

m =

(
x3y x y
y2 y y3x

)

be the generating matrix mat(M) of the module M ⊂ k[x, y]. We will present here
the Macaulay 2 sequence of commands that would produce the syzygy of the module
generated by the matrix m. The lines that start with i represent the command-lines,
and those starting with o represent the output:

i1 : R = QQ[x, y]

o1 = R

o1 : PolynomialRing

i2 : m = matrix{{x3 ∗ y, x, y}, {y2, y, y3 ∗ x}}
o2 =| x3y x y |

| y2 y xy3 |
o2 : Matrix R2 < −−−R3

i3 : syz m

o3 = {4} | −x2y2 + y − x2y + 1 |
{1} | x4y3 − y2 x4y2 − y |
{4} | −x3y + xy − x3 + x |

o3 : Matrix R2 < −−−R3.

This tells us that the the module of syzygies of m is the module generated by the
columns of the above matrix o3, namely

b1 = (−x2y2 + y, x4y3 − y2,−x3y + xy),T and

b2 = (−x2y + 1, x4y2 − y,−x3 + x)T .

Note that, for the matrices o2, and o3 obtained from the above commands, it is
true that

o2 o3 = 02×2,

where 02×2 is the 2× 2 zero matrix. Therefore, b1 and b2 are indeed syzygies for the
module generated by m. ♦
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4.3 Freeness of modules generated by matrices in polynomial rings

In an attempt to better understand when a module is or is not free, we considered
particular modules, such as those generated by polynomials in one variable, and
those generated by r-tuples of polynomials in n variables. The work done in this
section consists of my results.

Recall that a module is free if and only if it has a basis. That is, a module is free
with a given generating set as a basis, if the only syzygy on the generating elements
is the trivial one. In this case the syzygy module is 0. Notice that when the module
M is generated by a single element, then M is free.

Theorem 4.3.1. Let R = k[x] and let

I = 〈p1, p2, . . . pk〉 ⊆ R

be an ideal in R. Then I is free, viewed as a module over R.

Proof. Since I is an ideal of R, and we know that R = k[x] is a Principal Ideal
Domain, we have that all ideals are generated by a single element. Therefore, I is
free, for any polynomials pi ∈ R.

A more complicated situation occurs if M ⊆ Rn for some n. A similar result can
be obtained in this case, and it is given by the following theorem

Theorem 4.3.2. Let R = k[x] and M ⊂ Rt be a module. Then M is free.

For a proof of 4.3.2, see [6, Theorem 3.7].
We now turn our attention to the more general case of a polynomial ring in p

variables.

Theorem 4.3.3. Let m be an n × n matrix with entries in R, where R =
k[x1, x2, . . . xp], such that the columns of m generate the module M . If det(m) �= 0
then M is free.

Proof. Let

m =




a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
... . . .

an1 an2 . . . ann


 .

Let
v = (v1, v2 . . . vn)T

be a syzygy on the columns of m. Then

m




v1

v2
...
vn


 =




0
0
...
0


 .
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We have that

v1

∣∣∣∣∣∣∣∣∣

a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
... . . .

an1 an2 . . . ann

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣

v1a11 a12 . . . a1n

v1a21 a22 . . . a2n
...

...
... . . .

v1an1 an2 . . . ann

∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣

v1a11 + v2a12 + . . . + vna1n a12 . . . a1n

v1a21 + v2a22 + . . . + vna2n a22 . . . a2n
...

...
...

...
v1an1 + v2an2 + . . . + vnann an2 . . . ann

∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣

0 a12 . . . a1n

0 a22 . . . a2n
...

...
...

...
0 an2 . . . ann

∣∣∣∣∣∣∣∣∣
= 0.

So we have obtained that

v1det(m) = 0.

Since R is a integral domain, and det(m) �= 0, then it must be the case that v1 = 0,
so v1 is the zero polynomial. From a similar argument it follows that v2 = 0, v3 =
0, . . . , vn = 0. Therefore, there is no nontrivial syzygy on the columns of m, and so
there is no nontrivial syzygy of the generators of M , thus M is free.

The case when the determinant of the generating matrix is 0 is more complicated.
We will only look at 2 × 2 matrices of polynomials in r variables, where r ≥ 2,

since we have already discussed freeness of modules in k[x] (see Theorem 4.3.2).

Theorem 4.3.4. Let

m =

(
a11 a12

a21 a22

)
,

where the aij’s are polynomials in R = k[x1, x2, . . . , xn], with n ≥ 2 and det(m) = 0.
Then the module M generated by m is free.

Proof. Since det(m) = 0 we will have that

a11a22 = a12a21.

Since R is a unique factorization domain, the aii’s must factor uniquely as

a11 = f1f2 · · ·fm

a22 = g1g2 · · · gr,
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where the fi’s and gi’s are irreducible over R. Then, it follows that a12, a21 are each
a combination of products of the factors fi and gj . If no factors of a22 occur in a21,
then a11 must divide a12. In this case we can deduce that a21 | a22, and therefore
one column of m is multiple of the other, implying that M is generated by a single
element. In this case there is no syzygy on this generator, and so M is free.

Now suppose without loss of generality that

a21 = f1f2 · · · fkg1g2gk0,

and so
a12 = fk+1 · · · fmgk0+1 · · · gr.

Then, let
f = f1f2 . . . fk, and f ′ = fk+1 · · · fm,

and let
g = g1g2gk0, and g′ = gk0+1 · · · gr.

It follows that

m =

(
ff ′ gf ′

fg′ gg′

)
.

Note that there exists a syzygy on the generators of M , namely (−g, f)T . However
this does not necessarily mean that M is not free.

Let b1 = f

(
f ′

g′

)
and b2 = g

(
f ′

g′

)
be the generators of M .

Let d = gcd(f, g). We will show that M is generated by

c = d

(
f ′

g′

)
.

Let N be the module generated by c. It is easy to see that M ⊆ N since d | f , and
d | g, implying that any element that can be written as a linear combination of b1

and b2 can be written as a multiple of c also. We need now prove that N ⊆ M . Let

p = cα= d

(
f ′

g′

)
α, be an element of M . Since d = gcd(f, g), there exist polynomials

β1 and β2 such that d = β1f + β2g. Then

p = α(β1f + β2g)

(
f ′

g′

)

= αβ1f

(
f ′

g′

)
+ αβ2g

(
f ′

g′

)

= αβ1b1 + αβ2b2.

Therefore, N ⊆ M and since M ⊆ N , we obtain M = N . This proves that M is
generated by only one element, thus M is free.
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Corollary 4.3.5. If m is a 2 × 2 matrix with entries polynomials in n-variables
generating the module M , then M is free.

Proof. The proof follows by putting together the results of Theorem 4.3.3 and
Theorem 4.3.4.

Conjecture 4.3.6. A n × n matrix m with det(m) = 0 generates a free module M
iff each column vector is a multiple of one fixed column vector, say v1, that is, if M
is generated by only one element.

4.4 Resolutions of Modules

As we have seen in the previous sections, given a module M generated by a set of
elements f1, f2 . . . fm, it is important to know what relations these generators satisfy,
this is, to know Syz(f1, f2, . . . , fm). By knowing this we have more information about
the module itself, such as if it is free or not, what its graded structure is, if any,
and so on. In order to know about the module S1 = Syz(f1, f2 . . . fm), we need to
have some knowledge of the generators of S1 and also of the syzygy module on the
generators of S1, called the second syzygy module, and so on. In this way we need
to consider the sequence of generators and syzygies, called a resolution of M .

Definition. Let F = {f1, f2 . . . fm} be a set of polynomials in Rs. We denote by
Syzi(F ) the ith syzygy module of F , as it is described above. �

Our goal is to show how resolutions play an important role in the theory of Hilbert
series.

We will start by formally introducing the concept of an exact sequence.

Definition. Consider a sequence of R-modules and homomorphisms

· · ·Mi+1
fi+1→ Mi

fi→ Mi−1 → · · · .

We say that the sequence is exact at Mi if im(fi+1) = ker(fi). The whole sequence
is exact if it is exact at each Mi. �

Some observations can be easily proven.

1. The sequence

M
f→ N → 0

is exact iff f is surjective.

2. The sequence

0 → M
f→ N

is exact iff f is injective.
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3. The sequence

0 → M
f→ N → 0

is exact iff f is bijective.

Given a homomorphism f : M → N one can construct an exact sequence as follows
in the next proposition

Proposition 4.4.1. For any R-module homomorphism f : M → N , we have an
exact sequence

0 → ker(f)
f1→ M

f→ N
f0→ coker(f) → 0,

where coker(f) ∼= N/im(f).

For a proof of the above see [7].

Definition. Let M be an R-module. A presentation for M is a generating
set f1, f2 . . . ft for M , together with a set of generators for the syzygy module
Syz(f1, f2, . . . ft). A presentation matrix A of M is the matrix obtained by writ-
ing the generators of Syz(f1, f2, . . . ft) as the columns of A. �

Another way of seeing a presentation is by means of an exact sequence of the form

Rs g1→ Rt g0→ M → 0,

where s is the cardinality of a set of generators for Syz(f1, f2, . . . ft), where g0 is the
generating matrix of M , and g1 is given by the presentation matrix A of M .

Note that the presentation of M might not be unique.
In some of the sequences above, we had that the occuring modules were of the

form Rm. We now define them formally as below.

Definition. Let M be an R-module. A free resolution of M is an exact sequence of
the form

· · · → F2
f2→ F1

f1→ F0
f0→ M → 0,

with Fi
∼= Rr

i for some r ∈ N for all i. The resolution is finite if there exists some
integer l such that Fl �= 0 and Fi = 0 for i > l. In this case the resolution is called
of length l and it is written as

0 → Fl → Fl−1 → · · · → F2 → F1 → F0 → M → 0.

�
Here is an example of a finite free resolution of an ideal in R.

Example 4.4.2. Let

I = 〈z3 − yw2, yz − xw, y3 − x2z, xz2 − y2w〉
be an ideal in R = k[x, y, z, w].
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We will form a free resolution of I. Using Macaulay 2, one can compute the
generators of Syzi, the ith syzygy module. The following are the results:

Syz1 =




0 −x 0 −y
xz yw y2 z2

−w 0 −z 0
−y z −x w




and

Syz2 =



−z
−y
w
x


 .

Thus, since M has 4 generators and Syz1 has also 4 generators, then

R4 → R4 → I → 0

is a sequence contained in the free resolution of I. Now, since the second syzygy
module is generated by one element, we conclude that a finite free resolution of I is

0 → R → R4 → R4 → I → 0.

♦
The question that can be raised from the above is does there exist a finite res-

olution for any R-module? The answer is no, in general. However, for polynomial
rings the answer is yes, as asserted by the following theorem, which is proved in [7,
Theorem 2.1].

Theorem 4.4.3 (Hilbert Syzygy Theorem). Let R = k[x1, x2, . . . xn]. Then
every finitely generated R-module has a finite free resolution of length at most n.

Notice that the theorem asserts the existence of such a resolution.
We will again not produce a proof of the Hilbert Syzygy Theorem since it involves

technical details that are not relevant in our study.

4.5 Resolutions of Graded Modules

It turns out that more information about the structure of a module can be re-
trieved from its resolution if the module is graded. Recall from Chapter 2 that
R = k[x1, x2, . . . xn] is a graded algebra and can be written as

R = ⊕∞
i=0Ri,

where the Ri’s are k-vector spaces of homogeneous polynomials of degree i, and
RiRj ⊂ Ri+j .

We need to define formally what a graded module is. The definition of a graded
module is very similar to the definition of graded algebras given in Chapter 2.
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Definition. A graded module over a graded algebra R is a module M and a family
of vector spaces Mt, with t ∈ Z that satisfy the following properties

1. M = ⊕t∈ZMt

2. RsMt ⊂ Ms+t for all s ≥ 0 and t ∈ Z.

The elements of Mt are called homogeneous of degree t. �
The most familiar examples of graded modules are homogeneous ideals I and

their quotient rings R/I. Also, the free modules Rm are graded modules, since by
defining (Rm)t = (Rt)

m we obtain a grading, that is, the elements of (Rm)t are the
m-tuples whose entries are homogeneous elements of degree t.

In order to compute the Hilbert function of a module, as we will see later in this
section, we will need to know a free resolution of M . One condition that needs to
take place in order for the computation to be possible is to have the homomorphisms
between the free modules carry elements in the domain to elements of the same
degree in the codomain. These homomorphisms will be called of degree 0. We will
give a formal definition of graded homomorphisms later in the section. Now, in order
to get from any free resolution to one where all the homomorphisms are of degree
0, one needs to perform a shifting in the grading of the free modules occuring in
the resolution. This means that if a monomial in R is of degree t, then by applying
a shifting by d, denoted by R(d), the same monomial in R(d) would be of degree
t + d. Below we formalize all these new ideas and concepts.

Proposition 4.5.1. Let M be a graded R-module, and let d be an integer. Let M(d)
be the direct sum

M(d) = ⊕t∈ZM(d)t,

where M(d)t = Md+t. Then M(d) is also a graded R-module.

Proof. Since M is a graded module, then M = ⊕r∈ZMr, with each Mr an additive
subgroup and such that RsMr ⊂ Mr+s. We then have that Md+t is an element of
{Mr | r ∈ Z}, and so Md+t is an additive subgroup of M(d). Also RsMd+t ⊂ Ms+d+t

since M is a graded module. This ends the proof, so we can conclude that M(d) is
a graded module.

The graded module (Rm)(d) has the same standard basis as Rm, but since
R(d)−d = R0, the standard basis of Rm(d) is homogeneous of degree −d. The module
R(d) is called shifted or twisted, and d is called the shifting or the twist.

Proposition 4.5.2. Given integers d1, d2, . . . dm, then

M = R(d1) ⊕ R(d2) ⊕ · · · ⊕ R(dm)

is a graded, free module, where the basis elements are homogeneous of degree −di

for 1 ≤ i ≤ m.
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Proof. Since each R(di) is nothing else but the module R where the degrees have
been shifted by the constant di, it follows that R(di) is isomorphic to R, for any i,
so R(d1) ⊕ R(d2) ⊕ · · · ⊕ R(dm) is isomorphic to Rm, and therefore it is free.

Now let Mt = R(d1)t ⊕ R(d2)t ⊕ · · · ⊕ R(dm)t. We will show that Mt defines a
graded structure on M . Since as we have seen above R(di) is a graded module, for
each i we have that

R(di) = ⊕r∈ZR(di)r.

Therefore,

M = (⊕r∈ZR(d1)r) ⊕ (⊕r∈ZR(d2)r) ⊕ · · · ⊕ (⊕r∈ZR(dm)r)

= ⊕t∈Z(R(d1)t ⊕ R(d2)t ⊕ · · · ⊕ R(dm)t)

= ⊕t∈ZMt.

Now

RsMt = Rs(R(d1)t ⊕ R(d2)t ⊕ · · · ⊕ R(dm)t)

= RsR(d1)t ⊕ RsR(d2)t ⊕ · · · ⊕ RsR(dm)t

⊂ R(d1)t+s ⊕ R(d2)t+s ⊕ · · · ⊕ R(dm)t+s

= Mt+s.

This concludes the proof of the proposition.

Other important concepts that we need to define are graded homomorphism and
degree of a homomorphism. Here are the formal definitions.

Definition. Let M and N be graded modules over R. A homomorphism

φ : M → N

is said to be a graded homomorphism of degree d if

φ(Mt) ⊂ Nt+d

for all t ∈ Z. �
Theorem 4.5.3. Let

M = 〈f1, f2, . . . , fm〉
be a graded R-module and suppose the polynomials fi are homogeneous of degree di.
Then the following homomorphism is graded of degree 0

φ : R(−d1) ⊕ R(−d2) ⊕ . . . R(−dm) → M,

where φ(ei) = fi, with the ei’s being the standard basis elements of Rm, but deg(ei) =
di. Also φ is a surjective function.
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Proof. From proposition 4.5.2 we have that the degree of ei is di in the module
R(−d1) ⊕ R(−d2) ⊕ . . . R(−dm). Let

Nt = R(−d1)t ⊕ R(−d2)t ⊕ . . . R(−dm)t

= Rt−d1 ⊕ Rt−d2 ⊕ . . . Rt−dm .

Let g = (g1, g2, . . . , gm) ∈ Nt, meaning that each gi has degree t − di. Then

g = g1e1 + g2e2 + · · · + gmem,

and
φ(g) = g1f1 + g2f2 + · · ·+ gnfn ∈ M.

Since deg(gifi) = deg(gi) + deg(fi) = t − di + di = t then

φ(g) ∈ Mt = Mt+0.

This concludes the proof that φ is graded of degree 0. Moreover, since for any h ∈ M ,
there exist h1, h2 . . . hm such that

h = h1f1 + · · ·+ hmfm,

then there exists

h′ = h1e1 + · · ·+ hmem ∈ R(−d1) ⊕ R(−d2) ⊕ . . . R(−dm).

Therefore φ is onto, and this completes the proof of the proposition.

Similarily, more general graded homomorphisms can be proven to exist. For ex-
ample

Theorem 4.5.4. i) Let A be an m × p matrix with all the entries homogeneous
polynomials of degree d in R. Then

φ : Rp → Rm,

defined by
φ(f) = Af

for all f ∈ Rp, is a graded homomorphism of degree d.
ii) Let A be a matrix such that each column i has entries homogeneous polynomials

of degree di. Then

φ : R(−d1) ⊕ R(−d2) ⊕ · · · ⊕ R(−dp) → Rm,

defined by
φ(f) = Af
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for all f ∈ R(−d1) ⊕ R(−d2) ⊕ · · · ⊕ R(−dp), is a graded homomorphism of degree
0. Note that the di’s can vary from column to column.

iii) Let A be a matrix such that the element aij for each i, j is a homogeneous
polynomial of degree dj − ci in R. Then

φ : R(−d1) ⊕ R(−d2) ⊕ · · · ⊕ R(−dp) → R(−c1) ⊕ R(−c2) ⊕ · · · ⊕ R(−cm),

defined by
φ(f) = Af

for all f ∈ R(−d1)⊕R(−d2)⊕ · · · ⊕R(−dp) → R(−c1) is a graded homomorphism
of degree 0.

We will not include the details of the proofs in here, but the ideas used are the
same as in the Theorem 4.5.3. Notice that the theorems asserts what shiftings we
should perform in order to obtain the 0-degree homomorphisms that we need for
computational reasons.

We call the the matrix A from Theorem 4.5.4 a graded matrix. We have by now
acquired most of the necessary information to go back to the Hilbert series. We are
now in the position of understanding a new means of computing Hilbert functions.
But before that, we introduce a new definition which we will discuss in detail in an
example.

Definition. If M is a graded R-module, then a graded resolution of M is a resolution
of the form

· · · → F2
φ2→ F1

φ1→ F0
φ0→ M → 0,

where the Fi’s are twisted free graded modules of the form R(−d1)⊕ · · · ⊕R(−dp),
and the homomorphisms between them are graded of degree 0. In this case the φi’s
are given by the graded matrices described in the Theorem 4.5.4. �
Example 4.5.5. We will now form a graded resolution of the ideal from example
4.4.2. Recall that

I = 〈z3 − yw2, yz − xw, y3 − x2z, xz2 − y2w〉,
so I is a homogeneous ideal of R = k[x, y, z, w].

Then by Theorem 4.5.3 we have that there exists a graded homomorphism of
degree 0 of the form

R(−3) ⊕ R(−2) ⊕ R(−3)2 → M.

Here, the shifting in degrees are the respective degrees of the generators. Now, recall
that the first syzygy matrix was

A =




0 −x 0 −y
xz yw y2 z2

−w 0 −z 0
−y z −x w


 .
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We want to use Theorem 4.5.4 in order to find a graded module F1 such that there
exists a homomorphism

F1 → R(−3) ⊕ R(−2) ⊕ R(−3)2.

So we need take c1 = c3 = c4 = 3, and c2 = 2. Now suppose A is the graded matrix
that defines the wanted homomorphism. Then, with a little bit of computation we
obtain d1 = d2 = d3 = d4 = −4, so the following is a homomorphism degree 0

R(−4)4 A→ R(−3) ⊕ R(−2) ⊕ R(−3)2.

Now, again the second syzygy module is defined by

B =



−z
−y
w
x


 .

We want to make B the graded matrix that defines a graded homomorphismof
degree 0 of the form

R(a1) ⊕ · · · ⊕ R(ak)
B→ R(−4)4.

Since B has only one column then k = 1. In this case, applying Theorem 4.5.3 we
have that c1 = c2 = c3 = c4 = 4. Also, the column of B is homogeneous of degree 1.
So di − ci = 1, implying di = 5, and so,

R(−5) → R(−4)4,

is the wanted graded homomorphism. By putting everything together we obtain the
following graded resolution of M .

0 → R(−5) → R(−4)4 → R(−3) ⊕ R(−2) ⊕ R(−3)2 → M → 0.

We can now compare it to the classical resolution computed in the Example 4.4.2,
given by

0 → R → R4 → R4 → M → 0.

We must notice that the graded resolution provides us with a better insight in the
structure of M than the classical one. The resolution tells us now what are the
degrees of the polynomials occuring in the sysyzies modules and also, it tells us how
many generators these syzygy modules have. We will see later how easy it will be
to compute Hilbert functions knowing a graded free resolution of a module. ♦

One more helpful fact we know about graded resolutions is described in the the
Graded Hilbert Syzygy Theorem that we cite from [7] below.

Theorem 4.5.6. Graded Hilbert Syzygy Theorem Let R = k[x1, x2, . . . , xn]. Then
every finitely generated graded R-module has a finite graded resolution of length at
most n.
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4.6 Computing Hilbert Functions

In this section we will show how to compute the Hilbert function of a graded module
knowing the shifts. We will end up by proving that the Hilbert and Serre Theorem
that we encounted in Chapter 2 holds for modules over polynomial rings, not only
for ideals. The theorems presented in this section are cited from [7]. We added the
proofs.

Both in a finitely generated graded module and graded algebra, the homogenous
elements have a vector space structure. Therefore, we can adopt the same definition
of a Hilbert function for modules as for graded algebras. Namely,

H(M, t) = dimkMt.

A standard result in algebraic combinatorics that gives the number of monomials
of degree d in a polynomial ring in n-variables is presented in the following theorem.

Theorem 4.6.1. For R = k[x1, x2, . . . , xn] we have that

H(R, t) =

(
n + t − 1

n − 1

)
.

Proof. We will represent the monomial xa1
1 xa2

2 · · ·xan
n as the n-tuple (a1, a2, . . . , an).

We will allocate t imaginary slots that will be filled eventually with the integer unit
1, and n−1 slots that will be filled with a delimiter, say |, that will mark the end of
a sequence of 1’s. We will represent the n-tuple (a1, a2, . . . , an), as a1 units in a row,
followed by a vertical bar, followed by a2 units in a row, followed by a vertical bar,
and so on, until the last an units. Notice that the number of monomials of degree
t in R is exactely the number of possible combinations in which one can place the
n − 1 bars in the n + t − 1 slots. The later number is

(
n+t−1
n−1

)
, which concludes the

proof.

Proposition 4.6.2. If M is a finitely generated graded R-module and M(d) is the
twist defined in Proposition 4.5.1, then

H(M(d), t) = H(M, t + d).

Proof. By the definition,
M(d) = ⊕t∈ZM(d)t,

where M(d)t = Md+t. So,

dimkM(d)t = dimkMd+t

and therefore, it follows that

H(M(d), t) = H(M, t + d).
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Using Proposition 4.6.2 together with Theorem 4.6.1, we obtain the next corollary.

Corollary 4.6.3. For R = k[x1, x2, . . . , xn], we have

H(R(d), t) =

(
t + d + n − 1

n − 1

)
.

Proposition 4.6.4. If M and N are finitely generated graded modules, then

H(M ⊕ N, t) = H(M, t) + H(N, t).

Proof. The grading on M ⊕ N is given by the gradings of M and the grading of
N , namely

(M ⊕ N)t = Mt ⊕ Nt.

Since M and N are finitely generated, so are Mt and Nt. Notice that Mt and Nt are
vector spaces over k. Like in direct products of vector spaces, we have that the any
element (f, g) ∈ Mt ⊕Nt can be obtained as a linear combination of elements of the
forms (fi, 0) and (0, gj), where 1 ≤ i ≤ dimkMt and 1 ≤ j ≤ dimkNt. Therefore,

dimk(M ⊕ N)t = dimkMt + dimkNt.

This concludes the proof.

Proposition 4.6.4 provides an easy way of computing the Hilbert function of mod-
ules that look like M = N ⊕ N ⊕ · · ·N , where there are p copies of N . This is

H(N ⊕ N ⊕ · · ·N, t) = pH(N, t).

This implies that

H(Rp, t) = pH(R, t).

We are now able to prove the result that will enable us to compute the Hilbert
functions of different graded modules. It is an important classical result regarding
graded resolutions, which we include next.

Theorem 4.6.5. Let R = k[x1, x2, . . . , xn], and let M be a graded R-module. For
any graded resolution of M of the form

0 → Fm → Fm−1 → · · · → F0 → M → 0

we have

H(M, s) =

m∑
j=0

(−1)jH(Fj , s).
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Proof. Since in a graded resolution the homomorphisms are of degree 0 (mean-
ing that polynomials of a certain degree go to polynomials of the same degree by
applying the homomorphism), then we can restrict the sequence above to

0 → (Fm)s
fm→ (Fm−1)s

fm−1→ · · · → (F0)s
f0→ Ms → 0

Recall now that the modules (Fj)s are vector spaces over k. Also recall that, if U
and V are vector spaces over some field k and there is a homomorphism φ between
them, namely

φ : U → V,

then
dim U = dim ker(φ) + dim im(φ).

When we write dim X we mean dimk X. Therefore, for any 1 ≤ i ≤ m, we have
that

dim Fi = dim ker(fi) + dim im(fi).

Since the sequence is exact at every Fi and at M we have that ker(fi) = im(fi+1).
Since the homomorphisms are of degree 0, then an element of a certain degree is
carried to an element of the same degree. We prove that ker(fi) is a graded modules,
and by a similar argument im(fi+1) is graded as well. We need to show that there
exists a grading on ker(fi). Suppose g = g0 + g1 + · · ·+ gr ∈ ker(fi), where the gj’s
are homogeneous of distinct degrees dj. We need to show that gj ∈ ker(fi) for every
j. We have that

0 = fi(g0 + g1 + · · ·+ gr) =
r∑

j=0

fi(gj),

since fi is a homomorphism. Now, using the fact that fi is a degree 0 map, we have
that the fi(gj)’s are homogeneous of distinct degrees dj, where 1 ≤ j ≤ r. This
implies that fi(gj) = 0 for every j, which concludes that gj ∈ ker(fi). Thefore, there
exists a grading on ker(fi), namely

ker(fi) = ⊕s∈Z(ker(fi) ∩ Ms).

Thus, for the sequence 4.6 we obtain the following sequence of equalities

dim M = dim im(f0)

= dim (F0)s − dim ker(f0)

= dim (F0)s − dim (F1)s + dim ker(f1)

...

=

i=m∑
i=1

(−1)idim (Fi)s.
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Therefore,

H(M, s) =
i=m∑
i=1

(−1)iH(Fi, s),

and so we have proven the theorem.

Corollary 4.6.6. Let R = k[x1, x2, . . . , xn], and let M be a graded R-module. For
any graded resolution of M of the form

0 → Fm → Fm−1 → · · · → F0 → M → 0

we have

F(M, t) =

m∑
j=0

(−1)jF(Fj , t).

Proof. The proof follows easily by summing over all the t’s in Theorem 4.6.5.

Theorem 4.6.7. Let R be as above, and let M be an R-module, such that

M = R(−d1)
c1 ⊕ · · · ⊕ R(−dm)cm ,

where di ∈ Z and ci ∈ N, for 1 ≤ i ≤ m. Then the Hilbert series of M is given by

F(M, t) =
c1t

d1 + · · · + cmtdm

(1 − t)n
.

Proof. Recall that one of our first results were that

F(R, t) =
1

(1 − t)n .

and also

F(R, t) =

∞∑
i=0

(
n + i − 1

n − 1

)
ti.
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Also, we have that

F(R(−d), t) =

∞∑
i=0

(
n + i − d − 1

n − 1

)
ti

=
∞∑

j=−d

(
n + j − 1

n − 1

)
tj+d

=
−1∑

j=−d

(
n + j − 1

n − 1

)
tj+d +

∞∑
j=0

(
n + j − 1

n − 1

)
tj+d

=
∞∑

j=0

(
n + j − 1

n − 1

)
tj+d

= td
∞∑

j=0

(
n + j − 1

n − 1

)
tj

= tdF(R, t)

= td
1

(1 − t)n+1 .

Then by applying the theorems above we have that

F(R(−d1)
c1 ⊕ · · · ⊕ R(−dm)cm, t) =

i=m∑
i=0

cit
i

(1 − t)n
,

which concludes the proof.

Example 4.6.8. Let I ⊂ k[x, y, z, w] be

I = 〈xz − y2, xw − yz, yw − z2〉.
We will compute a graded resolution of I and using the results so far we compute
the Hilbert functions.

Using Macaulay 2 we obtain

Syz1 =


 w z
−z −y
y x




and
Syz2 = 0.

Using Theorem 4.5.3 we have a homomorphism of the form

R(−2)3 → I,
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since I is generated by 3 elements and each degree of the generators is 2. We will
now use Syz1 to define the homomorphism between

R(−d1) ⊕ R(−d2) → R(−2)3.

Theorem 4.5.4 asserts how we can find d1 and d2. Since all the polynomials of Syz1

are of degree 1, we have that d1 = d2= 2 + 1= 3, where the 2 comes from the
fact that all the shifts in R(−2)3 are 2. Therefore, we obtain the following graded
resolution for I

0 → R(−3)2 → R(−2)3 → I → 0.

By Theorem 4.6.5 we have that

H(I, t) = H(R(−2)3, t) −H(R(−3)2, t)

= 3H(R(−2), t) − 2H(R(−3), t)

= 3

(
t − 1 − 2 + 4

3

)
− 2

(
t − 1 − 3 + 4

3

)

= 3

(
t + 1

3

)
− 2

(
t

3

)
.

Remember that algebraists usually compute the Hilbert series of R/I instead of the
Hilbert series of I. The same is true for the Hilbert function. So, once we know
H(I, t) in the example above, we can compute H(R/I, t) as below

H(R/I, t) =

(
t + 3

3

)
− 3

(
t + 1

3

)
+ 2

(
t

3

)
.

Moreover, using the theorems above, the Hilbert series of I is

F(I, t) = F(R(−2)3, t) − F(R(−3)2, t)

=
3t2 − 2t3

(1 − t)4
,

and the Hilbert series of R/I is

F(R/I, t) =
1 − 3t2 + 2t3

(1 − t)4
.

♦
We will end this project by proving the theorem that motivated all this work.

Here is its statement.

Theorem 4.6.9 (Hilbert & Serre). Let R = k[x1, . . . , xn] The Hilbert series of
any finitely generated graded R-module M can be written in the form

F(M, t) =
p(t)

(1 − t)n
,

where p is a polynomial with coefficients in Z.
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Proof. By Hilbert Syzygy Theorem we know that for any graded R-module M
there exists a free graded resolution of M of the form

0 → Fm → Fm−1 · · · → F0 → M → 0.

Also, we know by Corollary 4.6.6 that

F(M, t) =

i=m∑
i=0

(−1)iF(Fi, t).

Since each Fi is free it means that each Fi is of the form

Fi = R(−di1)
α1 ⊕ R(−di2)

α2 ⊕ . . . R(−dipi
)αrpi .

Now, by using the Theorem 4.6.7 we obtain that indeed

F(M, t) =
p(t)

(1 − t)n
,

where the polynomial p(t) has integer coeficients.



5
Open questions

Recall that the Hilbert & Serre theorem states the fact that the Hilbert series of an
ideal I, or more generally of a graded module, is always equal to a rational function
of the form

p(t)

(1 − t)n
,

where n is the number of variables of the polynomial ring that contains I. One of
the questions on which I was working in the beginning, was on characterizing the I’s
for which the roots of p(t) are integer values, or for which p(t) is divisible by t− a..
Unfortunately, I was not familiar enough with the vast theory of dimensionality
of which I only got some flavor later in the year, so I had to give up pursuing this
directions. Now that I know more about modules and graded resolutions, I feel there
might be something in this direction that would make a good approach to the initial
problem. So the above questions remain open and I think they would make a good
subject for a senior project.

Another place where I reached a dead end in my research was in finding a nice
formula for the p(t) of an ideal in 3 variables. I have already discussed the difficulty
of finding a way of representing the ideal, which led to the difficulty in computing
its Hilbert series.

In Chapter 4, I was trying to find an elementary proof for showing that any module
in one variable that sits inside a free module is itself free. We know that this is true
by Hilbert’s Syzygy theorem, but a direct proof involves the “structure theorem for
the finitely generated modules over a p.i.d”, which is not elementary. Now I have
started to doubt that an elementary proof can be produced. The reason for this is
that, given a generating matrix m for a module M , even if we find conditions for
m to have only null syzygies, we cannot deduce that M is free. We need to find a
minimal generating set for M , and such that it only has the trivial syzygy.
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For example, take

m =

(
x4 x9 x3

x7 x2 1

)
.

Then we can deduce that there exists a syzygy module for the columns of m, namely

Syz1 =


 x + x3

1 + x2 + x4

−x10 − x8 − x6 − x4 − x2


 .

This says that the module might be not free. Using Macaulay 2, we computed the
minimal generating set for the modules generated by the columns of m. This is
expressed by the columns of the below matrix

m1 =

(
x3 0
1 x3 − x

)
.

If we now compute the syzygies on this generating set, we obtain that there are no
non-trivial syzygies, so the module generated by m is free.

So, it seems that we need a way to compute minimal generating sets, and I am
not totally sure but I think this way must involve computing Groebner Bases. So,
an elementary proof might not be possible.

One last theorem I have been trying to prove is the Conjecture 4.3.6. I have been
verifying it with Macaulay 2 for many examples. I could not achieve any progress,
so it remains open for other daring students.
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